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Zha. This result can be combined with the arithmetic Grothendieck- 
Riemann-Roch theorem for submersions to extend this theorem to ar- 
bitrary projective morpliisms. As a byproduct of this study we obtain 
two results of independent interest. First, we prove a Poincare lemma 
for the complex of currents with fixed wave front set, and second we 
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Introduction 

Chern-Weil theory associates to each hermitian vector bundle a family of closed 
characteristic forms that represent the characteristic classes of the vector bun- 
dle. The characteristic classes are compatible with exact sequences. But this 
is not true for the characteristic forms. The Bott-Chern classes measure the 
lack of compatibility of the characteristic forms with exact sequences. 
The Grothendieck-Riemann-Roch theorem gives a formula that relates direct 
images and characteristic classes. In general this formula is not valid for the 
characteristic forms. The singular Bott-Chern classes measure, in a functorial 
way, the failure of an exact Grothendieck-Riemann-Roch theorem for closed 
immersions at the level of characteristic forms. In the same spirit, the analytic 
torsion forms measure the failure of an exact Grothendieck-Riemann-Roch the- 
orem for submersions at the level of characteristic forms. Hence singular Bott- 
Chern classes and analytic torsion forms are analogous objects, the first for 
closed immersions and the second for submersions. 

Let us give a more precise description of Bott-Chern classes and singular Bott- 
Chern classes. Let X be a complex manifold and let ip he a symmetric power 
series in r variables with real coefficients. Let E = {E, h) be a rank r holo- 
morphic vector bundle provided with a hermitian metric. Using Chern-Weil 
theory, we can associate to E a differential form (p{E) = if(—K), where K is 
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the curvature tensor of E viewed as a matrix of 2-forms. The differential form 
(p{E) is elosed and is a sum of components of bidegree {p,p) for p > 0. 

If _ _ _ _ 

^ : — > e' — > E — > e" — ^ 

is a short exact sequence of holomorphic vector bundles provided with hermitian 
metrics, then the differential forms ip{E) and (p{E E ) may be different, but 
they represent the same cohomology class. 

The Bott-Chern form associated to ^ is a solution of the differential equation 

- 2dd^{0 = ^(e' © e') - Lp(E) (0.1) 

obtained in a functorial way. The class of a Bott-Chern form modulo the image 
of d and d is called a Bott-Chern class and is denoted by <^(C). 
There are three ways of defining the Bott-Chern classes. The first one is the 
original definition of Bott and Chern [7] . It is based on a deformation between 
the connection associated to E and the connection associated to E (BE . This 
deformation is parameterized by a real variable. 

In [T7] Gillet and Soule introduced a second definition of Bott-Chern classes 
that is based on a deformation between E and E (B E parameterized by a 
projective line. This second definition is used in [3] to prove that the Bott- 
Chern classes are characterized by three properties 

(i) The differential equation (j0.1|) . 

(ii) Functoriality (i.e. compatibility with pull-backs via holomorphic maps). 

(iii) The vanishing of the Bott-Chern class of a orthogonally split exact se- 
quence. 

In [4] Bismut, Gillet and Soule have a third definition of Bott-Chern classes 
based on the theory of superconnections. This definition is useful to link Bott- 
Chern classes with analytic torsion forms. 

The definition of Bott-Chern classes can be generalized to any bounded exact 
sequence of hermitian vector bundles (see section [5] for details). Let 

J: (£;„, hn)^ ...^ (Euhi) {Eo, 

be a bounded acyclic complex of hermitian vector bundles; by this we mean 
a bounded acyclic complex of vector bundles, where each vector bundle is 
equipped with an arbitrarily chosen hermitian metric. Let 

r = Tk{E,) = J2 MEr). 

i even i odd 

As before, let lyS be a symmetric power series in r variables. A Bott-Chern class 
associated to ^ satisfies the differential equation 

~2ddm = ^(0^2;.) - ^{^E2k+i). 

k k 
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In particular, let "ch" denote the power series associated to the Chcrn character 
class. The Chern character class has the advantage of being additive for direct 
sums. Then, the Bott-Chern class associated to the long exact sequence ^ and 
to the Chern character class satisfies the differential equation 

n 

-25ach(e) = -5^(-i)'ch(Efc). 

Let now i : Y — > X be a closed immersion of complex manifolds. Let _F be a 
holomorphic vector bundle on Y provided with a hermitian metric. Let N be 
the normal bundle to Y in X provided also with a hermitian metric. Let 

— > En — > En-i — > . ■ ■ — > Eo — > i^F — > 

be a resolution of the coherent sheaf by locally free sheaves, provided with 
hermitian metrics (following Zha |32j we shall call such a sequence a metric on 
the coherent sheaf Let Td denote the Todd characteristic class. Then 

the Grothendieck-Riemann-Roch theorem for the closed immersion i implies 
that the current u(Td(7V)-i ch(F)) and the differeiitial form Efc(-l)'' cli(^fe) 
represent the same class in cohomology. We denote ^ the data consisting in the 
closed embedding i, the hermitian bundle TV, the hermitian bundle F and the 
resolution E^: — )■ i^,F. 

In the paper [5], Bismut, Gillet and Soule introduced a current associated to 
the above situation. These currents are called singular Bott-Chern currents and 
denoted in [5] by T(^). When the hermitian metrics satisfy a certain technical 
condition (condition A of Bismut) then the singular Bott-Chern current T(^) 
satisfies the differential equation 

n 

-2ddT(£) = z,(Td(7V)"i ch(^^)) - ^(-1)^ c\i{E,). 

i=0 

These singular Bott-Chern currents are among the main ingredients of the 
proof of Gillet and Soule's arithmetic Riemann-Roch theorem. In fact it is the 
main ingredient of the arithmetic Riemann-Roch theorem for closed immersions 
[6] . This definition of singular Bott-Chern classes is based on the formalism of 
superconnections, like the third definition of ordinary Bott-Chern classes. 
In his thesis [32], Zha gave another definition of singular Bott-Chern currents 
and used it to give a proof of a different version of the arithmetic Riemann-Roch 
theorem. This second definition is analogous to Bott and Chern's original defi- 
nition. Nevertheless there is no explicit comparison between the two definitions 
of singular Bott-Chern currents. 

One of the purposes of this note is to give a third construction of singular Bott- 
Chern currents, in fact of their classes modulo the image of d and d, which could 
be seen as analogous to the second definition of Bott-Chern classes. Moreover 
we will use this third construction to give an axiomatic definition of a theory 
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of singular Bott-Chcrn classes. A theory of singular Bott-Chern classes is an 
assignment that, to each data ^ as above, associates a class of currents T(^), 



that satisfies the analogue of conditions (i) (ii) and (iii) The main technical 



point of this axiomatic definition is that the conditions analogous to (i) (ii) 



and (iii) above are not enough to characterize the singular Bott-Chern classes. 
Thus we are led to the problem of classifying the possible theories of Bott-Chern 
classes, which is the other purpose of this paper. 

We fix a theory T of singular Bott-Chern classes. Let F be a complex manifold 
and let TV and F be two hermitian holomorphic vector bundles on Y . We write 
P = P{N 1) for the projective completion of N. Let s: Y — P be the 
inclusion as the zero section and let ttp : P — > Y be the projection. Let K^, be 
the Koszul resolution of s*Cy endowed with the metric induced by N. Then 
we have a resolution by hermitian vector bundles 

K(F,N) : (g) Tr*pF — > s,F. 

To these data we associate a singular Bott-Chern class T(K{F,N)). It turns 
out that the current 



{2m) 



ikN 



T{K{F,N))^{np),T{K{F,N)) 



TT p 



is closed (see section [3] for general properties of the Bott-Chern classes that 
imply this property) and determines a characteristic class Ct (F, N) on Y for 
the vector bundles N and F. Conversely, any arbitrary characteristic class for 
pairs of vector bundles can be obtained in this way. This allows us to classify 
the possible theories of singular Bott-Chern classes: 

Claim (theorem [73]) • The assignment that sends a singular Bott-Chern class 
T to the characteristic class Ct is a bijection between the set of theories of 
singular Bott-Chern classes and the set of characteristic classes. 

The next objective of this note is to study the properties of the different theories 
of singular Bott-Chern classes and of the corresponding characteristic classes. 
We mention, in the first place, that for the functoriality condition to make sense, 
we have to study the wave front sets of the currents representing the singular 
Bott-Chern classes. In particular we use a Poincare Lemma for currents with 
fixed wave front set. This result implies that, in each singular Bott-Chern class, 
we can find a representative with controlled wave front set that can be pulled 
back with respect certain morphisms. 

We also investigate how different properties of the singular Bott-Chern classes 
T are refiected in properties of the characteristic classes Ct- We thus charac- 
terize the compatibility of the singular Bott-Chern classes with the projection 
formula, by the property of Ct of being compatible with the projection for- 
mula. We also relate the compatibility of the singular Bott-Chern classes with 
the composition of successive closed immersions to an additivity property of 
the associated characteristic class. 
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Furthermore, we show that we can add a natural fourth axiom to the conditions 



analogue to (i) (ii) and (iii) namely the condition of being homogeneous (see 



section [5] for the precise definition). 

Claim (theorem lQ.lip . There exists a unique homogeneous theory of singular 
Bott-Chern classes. 

Thanks to this axiomatic characterization, we prove that this theory agrees 
with the theories of singular Bott-Chern classes introduced by Bismut, Gillet 
and Soule [5], and by Zha |32] . In particular this provides us a comparison 
between the two definitions. We will also characterize the characteristic class 
C^h for the theory of homogeneous singular Bott-Chern classes. 
The last objective of this paper is to give a proof of the arithmetic Riemann- 
Roch theorem for closed immersions. A version of this theorem was proved by 
Bismut, Gillet and Soule and by Zha. 

Next wc will discuss the contents of the different sections of this paper. In 
section §1 we recall the properties of characteristic classes in analytic Delignc 
cohomology. A characteristic class is just a functorial assignment that asso- 
ciates a cohomology class to each vector bundle. The main result of this section 
is that any characteristic class is given by a power series on the Chern classes, 
with appropriate coefficients. 

In section §2 we recall the theory of Bott-Chern forms and its main properties. 
The contents of this section are standard although the presentation is slightly 
different to the ones published in the literature. 

In section §3 we study certain direct images of Bott-Chern forms. The main 
result of this section is that, even if the Bott-Chern classes are not closed, 
certain direct images of Bott-Chern classes are closed. This result generalizes 
previous results of Bismut, Gillet and Soule and of Mourougane. This result is 
used to prove that the class Ct mentioned previously is indeed a cohomology 
class, but it can be of independent interest because it implies that several 
identities in characteristic classes are valid at the level of differential forms. 
In section §4 we study the cohomology of the complex of currents with a fixed 
wave front set. The main result of this section is a Poincare lemma for currents 
of this kind. This implies in particular a 99-lemma. The results of this section 
are necessary to state the functorial properties of singular Bott-Chern classes. 
In section §5 we recall the deformation of resolutions, that is a generalization of 
the deformation to the normal cone, and we also recall the construction of the 
Koszul resolution. These are the main geometric tools used to study singular 
Bott-Chern classes. 

Sections §6 to §9 are devoted to the definition and study of the theories of sin- 
gular Bott-Chern classes. Section §6 contains the definition and first properties. 
Section §7 is devoted to the classification theorem of such theories. In section 
§8 we study how properties of the theory of singular Bott-Chern classes and of 
the associated characteristic class are related. And in section §9 we define the 
theory of homogeneous singular Bott-Chern classes and we prove that it agrees 
with the theories defined by Bismut, Gillet and Soule and by Zha. 
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Finally in section §10 wc define arithmetic i^T-groups associated to a 2?iog- 
arithmetic variety {X,C) (in the sense of [13]) and push- forward maps for closed 
immersions of metrized arithmetic varieties, at the level of the arithmetic K- 
groups. After studying the compatibility of these maps with the projection 
formula and with the push-forward map at the level of currents, we prove 
a general Riemann-Roch theorem for closed immersions (theorem 110. 28p that 
compares the direct images in the arithmetic fi'-groups with the direct images in 
the arithmetic Chow groups. This theorem is compatible, if we choose the the- 
ory of homogeneous singular Bott-Chern classes, with the arithmetic Riemann- 
Roch theorem for closed immersions proved by Bismut, Gillet and Soule [5] and 
it agrees with the theorem proved by Zha [35]. Theorem 110.281 together with 
the arithmetic Grothendieck- Riemann-Roch theorem for submersions proved in 
[l6] , can be used to obtain an arithmetic Grothendieck- Riemann-Roch theorem 
for projective morphisms of regular arithmetic varieties. 

Acknowledgements: This project was started during the Special Year on 
Arakelov Theory and Shimura Varieties held at the CRM (Bellaterra, Spain). 
We would like to thank the CRM for his hospitality during that year. We would 
also like to thank the University of Barcelona and the University Alexandru 
loan Cuza of Ia§i for their hospitality during several visits that allowed us to 
finish the project. We would also like to thank K. Kohler, J. Kramer, U. Kiihn, 
V. Maillot, D. Rossler, and J. Wildeshaus with whom we have had many dis- 
cussions on the subject of this paper. Our special thanks to G. Freixas and 
Shun Tang for their careful reading of the paper and for suggesting some sim- 
plifications of the proofs. Finally we would like to thank the referee for his 
excellent work. 

1 Characteristic classes in analytic Deligne cohomology 

A characteristic class for complex vector bundles is a functorial assignment 
which, to each complex continuous vector bundle on a paracompact topological 
space X, assigns a class in a suitable cohomology theory of X. For example, 
if the cohomology theory is singular cohomology, it is well known that each 
characteristic class can be expressed as a power series in the Chern classes. 
This can be seen for instance, showing that continuous complex vector bundles 
on a paracompact space X can be classified by homotopy classes of maps from 
X to the classifying space BGLoo{C) and that the cohomology of BGLoa{C) 
is generated by the Chern classes (see for instance [28]). 

The aim of this section is to show that a similar result is true if we restrict the 
class of spaces to the class of quasi-projective smooth complex manifolds, the 
class of maps to the class of algebraic maps and the class of vector bundles to 
the class of algebraic vector bundles and we choose analytic Deligne cohomology 
as our cohomology theory. 

This result and the techniques used to prove it are standard. We will use the 
splitting principle to reduce to the case of line bundles and will then use the 
projective spaces as a model of the classifying space BGLi{<C). In this section 
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we also recall the definition of Chcrn classes in analytic Dcligne cohomology 
and we fix some notations that will be used through the paper. 

Definition 1.1. Let X he a complex manifold. For each integer p, the analytic 
real Deligne complex of X is 

where K.(p) is the constant sheaf (27ri)PK. C C. The analytic real Deligne 
cohomology of X , denoted iJ^an {X, M.{p)), is the hyper-cohomology of the above 
complex. 

Analytic Deligne cohomology satisfies the following result. 

Theorem 1.2. The assignment X i — > iJ^.,„ (X, R(*)) 0^ i/^a„(J^,M(p)) is 
a contravariant functor between the category of complex manifolds and holo- 
morphic maps and the category of unitary bigraded rings that are graded com- 
mutative ( with respect to the first degree ) and associative. Moreover there exists 
a functorial map 

c: Pic(X) = H\X,0*x) H|,a„(X,R(l)) 

and, for each closed immersion of complex manifolds i : Y — X of codimen- 
sion p, there exists a morphism 

t.:Hi.4YM*)) ^ H^t^P{X,R{* + P)) 

satisfying the properties 

Al Let X be a complex manifold and let E be a holomorphic vector bundle 
of rank r. Let P(_B) be the associated projective bundle and let 0{—\) the 
tautological line bundle. The map 

induced by the projection tt : ¥{E) — > X gives to the second ring a 
structure of left module over the first. Then the elements c(cl(C'(— 1)))*, 
i = 0, . . . , r — 1 form a basis of this module. 

A2 If X is a complex manifold, L a line bundle, s a holomorphic section 
of L that is transverse to the zero section, Y is the zero locus of s and 
i : Y — > X the inclusion, then 

c(cl(i)) =l,(ly). 

A3 If j : Z — > Y and i: Y — > X are closed immersions of complex mani- 
folds then {ij)^: = 
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A4 Ifi:Y — > X is a closed immersion of complex manifolds then, for every 
a e i?^„,(X,R(*)) and b e H^.„{Y,R{*)) 

i^,{bi*a) ~ {i^,b)a. 

Proof. The functoriality is clear. The product structure is described, for in- 
stance, in |15| . The morphism c is defined by the morphism in the derived 
category 

^ s{Z{l) ^ Ox) s(M(l) ^ Ox) = Md(1). 

The morphism can be constructed by resolving the sheaves IR.p(p) by means 
of currents (see [26] for a related construction). Properties A3 and A4 follow 
easily from this construction. 

By abuse of notation, we will denote by ci(C'(— 1)) the first Chern class of 
0{—l) with the algebro-geometric twist, in any of the groups iJ^(P(£'), K(l)), 
H'^{¥{E),C), 7Ji(P(£;),rjj^(^)). Then, we have sheaf isomorphisms (see for 
instance [H] for a related result), 

r-l 

i=0 

r-l 
1=0 

r-l 

4=0 

given, all of them, by (oq, . . . , a^-i) i — > «iCi(C'("l))*- Hence we obtain a 
sheaf isomorphism 

r-l 

0Rx,p(p- 0[-2«] RTrMpiE).v{p) 

1=0 

from which property Al follows. Finally property A2 in this context is given 
by the Poincare-Lelong formula (see [13] proposition 5.64). □ 

Notation 1.3. For the convenience of the reader, we gather here together 
several notations and conventions regarding the differential forms, currents and 
Deligne cohomology that will be used through the paper. 
Throughout this paper we will use consistently the algebro-geometric twist. 
In particular the Chern classes c^, i = 0, . . . in Betti cohomology will live in 
Ci € i?^'(X, R(i)); hence our normalizations differ from the ones in [T5] where 
real forms and currents are used. 

Moreover we will use the following notations. We will denote by S'x the sheaf of 
Dolbeault algebras of differential forms on X and by the sheaf of Dolbeault 
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complexes of currents on X (see [T^ §5.4 for the structure of Dolbeault complex 
of ^x)- We will denote by E*{X) and by D*{X) the complexes of global 
sections of S'^ and respectively. Following [5] and [13] definition 5.10, we 
denote by {V* {_,*), d-v) the functor that associates to a Dolbeault complex 
its corresponding Deligne complex. For shorthand, we will denote 

V*{X,p)=V*{E*{X),p), 
VUX,p)=V*iD*{X),p). 

To keep track of the algebro-geometric twist we will use the conventions of [13] 
§5.4 regarding the current associated to a locally integrable differential form 

\oj] (n) = —r. / ri Aoj 

and the current associated with a subvariety Y 

1 



Y 

With these conventions, we have a bigraded morphism 'D*{X,*) — > 2?|j(X, *) 
and, if Y has codimension p, the current Sy belongs to 'D^{X,p). Then 
'D*{X,p) and 'D*jj{X,p) are the complex of global sections of an acyclic res- 
olution of Mx,!) (p) • Therefore 

i/;.„(X,M(p)) = H*{V{X,p)) = H*{Vd{X,p)). 

If / : X — > y is a proper smooth morphism of complex manifolds of relative 
dimension e, then the integral along the fibre morphism 

f,:V\X,p)-^V^-^\X,p-e) 

is given by 

f*^ = / ^- (1-4) 



(27ri)'= jf 

If (!?*(*), dx>) is a Deligne complex associated to a Dolbeault complex, we will 
write 

V\X,p) ■.^V''{X,p)/&vV''-\X,p). 

Finally, following [13] 5.14 we denote by • the product in the Deligne complex 
that induces the usual product in Deligne cohomology. Note that, if w G 
0pX'^P(X,p), then for any 77 G 2?*(X, *) we have w • rj — rj • uj — rj A uj. 
Sometimes, in this case we will just write rjuj := rj • to. 

We denote by * the complex manifold consisting on one single point. Then 

{2TTi)PR, if n = 0, p < 0, 

i?5a„(*,p) = <( ]R(p - 1) {2TTi)P^^R, if n =1, p>Q. 

otherwise. 
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The product structure in this case is the bigraded product that is given by 
complex number multiplication when the degrees allow the product to be non 
zero. We will denote by D this ring. This is the base ring for analytic Deligne 
cohomology. Note that, in particular, F^,„(*,l) = R = C/R(l). We will 
denote by li the image of 1 in 7J^an(*, 1). 

Following [53], theorem 11.21 implies the existence of a theory of Chern classes 
for holomorphic vector bundles in analytic Deligne cohomology. That is, to 
every vector bundle E, we can associate a collection of Chern classes Ci{E) E 
H^^„{X,R{i)), i > 1 in a functorial way. 

We want to see that all possible characteristic classes in analytic Deligne coho- 
mology can be derived from the Chern classes. 

Definition 1.5. Let n > 1 be an integer and let 7'i > 1, . . . , r„ > 1 be a collec- 
tion of integers. A theory of characteristic classes for n-tuples of vector bundles 
of rank ri, . . . , r„ is an assignment that, to each n-tuplc of isomorphism classes 
of vector bundles . . . , En) over a complex manifold X , with vk{Ei) ~ ri, 
assigns a class 

ci(£;i,...,i?„)e0H^.„(x,M(p)) 

k,p 

in a functorial way. That is, for every morphism / : X — > Y of complex 
manifolds, the equality 

r(ci(£;i, ...,£;„)) = ci(r Si, /*£;„) 

holds 

The first consequence of the functoriality and certain homotopy property of 
analytic Deligne cohomology classes is the following. 

Proposition 1.6. Letcl be a theory of characteristic classes forn-tuples of vec- 
tor bundles of rank ri, . . . , r„. Let X be a complex manifold and let {Ei, . . . , En) 
be a n-tuple of vector bundles over X with rk(i?i) = for all i. Let I < j < n 
and let 

O^E'j^ Ej — ^ E'J — ^ 0, 
be a short exact sequence. Then the equality 

c\{Ei, ...,Ej,..., En) = cl{Ei,. ..,E'j® E'J, ...,En) 

holds. 

Proof. Let to , '-oo : X — > X x he the inclusion as the fiber over and 
the fiber over oo respectively. Then there exists a vector bundle Ej on 
X X (see for instance [19] (1.2.3.1) or definition 12.51 below) such that 
i*aEj 9^ Ej and l*^Ej = E'^ E'^ . Let pi : X x — > X be the first 
projection. Let ui E ^kp'^'^i-^'P) dp-closed form that represents 
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cI{pIEi, . . . , Ej, . . . ,plEn). Then, by functoriality we know that LqUj repre- 
sents cl{Ei, . . . , Ej, . . . , En) and lI^lo represents cl(£'i, . . . , E'j ® E'J , . . . , En). 
We write 

where t is the absolute coordinate of . Then 



which implies the result. □ 

A standard method to produce characteristic classes for vector bundles is to 
choose hermitian metrics on the vector bundles and to construct closed differ- 
ential forms out of them. The following result shows that functoriality implies 
that the cohomology classes represented by these forms are independent from 
the hermitian metrics and therefore are characteristic classes. When working 
with hermitian vector bundles we will use the convention that, if E denotes the 
vector bundle, then E = {E, h) will denote the vector bundle together with the 
hermitian metric. 

Proposition 1.7. Let n > 1 be an integer and let ri > l,...,r„ > 1 
be a collection of integers. Let cl be an assignment that, to each n-tuple 
{El, . . . , En) = {{El, hi), . . . , {En, hn)) of isometry classes of hermitian vector 
bundles of rank ri, . . . , r„ over a complex manifold X , associates a cohomology 
class 

cl{Ei,...,En)e^Hl,{X,R{p)) 

k.p 

such that, for each morphism f :Y ^ X , 

c\{f*Ei,...,f*En)^f*c\{Ei,...,En). 

Then the cohomology class c[{Ei, . . . , En) is independent from the hermitian 
metrics. Therefore it is a well defined characteristic class. 

Proof. Let 1 < j < n be an integer and let Ej = {Ej, h'j) be the vector bundle 

underlying Ej with a different choice of metric. Let io, too and pi be as in the 
proof of proposition 11.61 Then we can choose a hermitian metric h on p^Ej, 

such that LQ{p\Ej,h) = Ej and i%^{p*iE.j, h) = E'j. Let w be any smooth closed 
differential form on X x that represents c\{p\Ei, . . ., {p\Ei, h),. . . ,p\En). 
Then, 

1 /■ -1 
^ = ^ / -rr'^ogttuu 

Zm Jpi i 

satisfies 

d-D /3 = i*^uj - tQiu 

which implies the result. □ 
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We arc interested in vector bundles that can be extended to a projective variety. 
Therefore we wiU restrict ourselves to the algebraic category. So, by a complex 
algebraic manifold we will mean the complex manifold associated to a smooth 
quasi-projective variety over C. When working with an algebraic manifold, by 
a vector bundle we will mean the holomorphic vector bundle associated to an 
algebraic vector bundle. 

We will denote by D[[a;i, . . . , x^]] the ring of commutative formal power se- 
ries. That is, the unknowns xi,...^Xr commute with each other and with 
D. We turn it into a commutative bigraded ring by declaring that the un- 
knowns Xi have bidegree (2,1). The symmetric group in r elements, &r acts 
on ©[[xi, . . . , a;^]]. The subalgebra of invariant elements is generated over D 
by the elementary symmetric functions. The main result of this section is the 
following 

Theorem 1.8. Let cl be a theory of characteristic classes for n-tuples of vector 
bundles of rank ri, . . . ,r„. Then, there is a power series ip G ©[[xi, . . . ,Xr]] 
in r = ri + ■ ■ ■ + Tn variables with coefficients in the ring D, such that, for 
each complex algebraic manifold X and each n-tuple of algebraic vector bundles 
(El, . . . , En) over X with rk(_Ei) = r.; this equality holds: 

c\{Ei, ...,£;„) = (/?(ci(-Bi), ...,cr, {El), . . . , Cl (£;„), . . . , c,„ (£;„)). (1.9) 

Conversely, any power series ip as before determines a theory of characteristic 
classes for n-tuples of vector bundles of rank ri, . . . , r„, by equation (|1.9p . 

Proof. The second statement is obvious from the properties of Chern classes. 
Since we are assuming X quasi-projective, given n algebraic vector bundles 
El, . . . , En on X, there is a smooth projective compactification X and vector 
bundles Ei, . . . , En on X, such that Ei = Ei\x (see for instance [M] proposition 
2.2), we are reduced to the case when X is projective. In this case, analytic 
Dcligne cohomology agrees with ordinary Deligne cohomology. 
Let us assume first that ri = • • • = ?-„ = 1 and that we have a characteristic 
class cl for n line bundles. Then, for each n-tuple of positive integers mi, . . . , m„ 
we consider the space p™i.---.™" = p™i x • • • x P™" and we denote by pt the 
projection over the i-th factor. Then 

0i?^(P"^'-''"",K(p))=ID)[^i, 

k,p 

is a quotient of the polynomial ring generated by the classes Xi = ci(p*0(l)) 
with coefficients in the ring D. Therefore, there is a polynomial (pmi,...,m„ in n 
variables such that 

d{plO{l),...,plO{l)) 

If mi < m'l, . . . , m„ < m'j then, by functoriality, the polynomial V'mi,...,m„ is 
the truncation of the polynomial ^m[,....m'^- Therefore there is a power series 
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in Ti VcLrictblcs, cp such, that '^mi,...,m„ 

is the truncation of (p in the appropriate 

quotient of the polynomial ring. 

Let Li,...,L„ be line bundles on a projective algebraic manifold that are 
generated by global sections. Then they determine a morphism / : X — 
pmi,...,m„ ^^^Yi that Li ~ f*p*0{l). Therefore, again by functoriality, we 
obtain 

cl(Li, . . . ,L„) = ip{ci{Li), . . . ,ci(i„)). 

From the class cl wc can define a new characteristic class for n-\-l line bundles 
by the formula 

cl'(Li, . . . , L,„M) = cl(Li ® M^, . . . , i„ ® M^). 

When Li, . . . ,Ln and Af are generated by global sections we have that there 
is a power series ip such that 

cl'(Li, . . . ,i„, M) = V(ci(ii), . . . ,Ci(L„), ci(M)). 

Moreover, when the line bundles Li (E) are also generated by global sections 
the following holds 

?/'(ci(Li), . . . ,ci(L„), ci(M)) = (^(ci(Li ® M^), . . . ,ci(L„ ® M^)) 

= ificiiLi) - ci{M), . . . ,ci{Ln) - ci{M)). 

Considering the system of spaces p™i'- -.™":™>«+i with line bundles 

we see that there is an identity of power series 

(p{xi -y,...,Xn-y) = ipixi, . . . ,a;„,y). 

Now let X be a projective complex manifold and let Li, . . . ,i„ be arbitrary 
line bundles. Then there is a line bundle M such that M and L'^ = Li® M, 
i — 1, . . . are generated by global sections. Then we have 

cl(Li, . . . , L„) = c1(L; (E) W , . . . , L'„ (g) M^) 
= cl'(L'i,...,i;,M) 
= 7^(ci(L;),...,ci(L:J,ci(M)) 
= ip{{c^{L[) - ci{M), . . .,c,{L'J - ci(Af))) 
= (p{ci{Li), . . . ,ci(L„)). 

The case of arbitrary rank vector bundles follows from the case of rank one 
vector bundles by proposition 11.61 and the splitting principle. Wc next recall 
the argument. Given a projective complex manifold X and vector bundles 
El, . . . , En of rank ri, . . . ,r„, we can find a proper morphism tt: X — > X, 
with X a complex projective manifold, and such that the induced morphism 

TT*: — >H:^{X,R{^)) 
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is injective and every bundle TT*(Ei) admits a holoniorphic filtration 

= R\o C Ki^l C • • • C K,^r,-l C Ki^r, = Tr*iEi), 

with Lij = Kij / Ki^j-i a line bundle. If el is a characteristic class for n- 
tuples of vector bundles of rank ri , . . . , r„ , we define a characteristic class for 
ri + • • • + r„-tuples of line bundles by the formula 

Cl {Ll^l, . . . , Ll,m ■ ■ ■ , iri,l, • • ■ : Ln^r„) — 

cl(Li,i © • • • © . . . ,L„,1 ©•••©, i„,r„)- 

By the case of line bundles we know that there is a power series in ri + • • • + r„ 
variables ip such that 

cl'(Li4, . . . ,il,ri, ■ ■ ■ ,Ln.l, - ■ ■ ,iri,r„) = 1p{ci{Li^i), . . . ,Cl(L„,r„))- 

Since the class cl' is symmetric under the group 6ri x • • • x (Sr„ , the same is 
true for the power series ip. Therefore ip can be written in terms of symmetric 
elementary functions. That is, there is another power series in ri + • • • + r„ 
variables ip, such that 

. . . ,Xn,r„) = <y5(si(xi,i, . . . ,Xi^ri), • ■ • , Sri(a;i,l, . . . ,Xi^ri): ■ ■ ■ 

Xn^rn ) 1 ■ • ■ 1 '^rn {Xn^l ? • ■ • i X^j-^^ ) ) , 

where Si is the i-th elementary symmetric function of the appropriate number 
of variables. Then 

TT* {diE, ,...,£;„))= c\{7r*E, ,...,Tr*E„)) 
= cl'(Li,i, . . . ,£„,r„) 
= ij{ci{Lis), ■ . . ,Ci(L„,r„)) 

= Lp{ci{Tr*Ei), . . . , Cri(7r*£'i), . . . , ci(7r*£;„), . . . , Cr„(7r*i?„)) 

= 7r*(p{ci{Ei), ...,Cri (El), Ci{En), Cr„(£'„)). 

Therefore, the result follows from the injectivity of tt*. □ 

Remark 1.10. It would be interesting to know if the functoriality of a charac- 
teristic class in enough to imply that it is a power series in the Chern classes 
for arbitrary complex manifolds and holomorphic vector bundles. 

2 Bott-Chern classes 

The aim of this section is to recall the theory of Bott-Chern classes. For more 
details we refer the reader to [7], g], [19], [31], [M], [10] and [12]. Note however 
that the theory we present here is equivalent, although not identical, to the 
different versions that appear in the literature. 
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Let X be a complex manifold and let E = (i?, h) be a rank r holomorphic 
vector bundle provided with a hermitian metric. Let </> € ©[[xi, . . . ,Xr]] be a 
formal power series in r variables that is symmetric under the action of &r- 
Let Si, i — I, ... ,r he the elementary symmetric functions in r variables. Then 
(f){xi , . . . ,Xr) — fisi , . . . , Sr) for Certain power series ip. By Chcrn-Wcil theory 
we can obtain a representative of the class 

cf>{E) := ^(ci (i?), . . . , Cr{E)) e {X, Rip)) 

k,p 

as follows. 

We denote also by 4> the invariant power series in r x r matrices defined by 
(j). Let K be the curvature matrix of the hermitian holomorphic connection of 
[E, h). The entries of ii' in a particular trivialization of E are local sections of 
1). Then we write 

cj,{E,h)^q^{-K)e^V'^{X,p). 

k.p 

The form 4){E, h) is well defined, closed, and it represents the class (j){E). 
Now let 

-gr _ / /"+! -77T />s "7=; f^-} \ 

rj* — [. . . > £/ri > -CJn-l > ■ ■ ■ ) 

be a bounded acyclic complex of hermitian vector bundles; by this we mean 
a bounded acyclic complex of vector bundles, where each vector bundle is 
equipped with an arbitrarily chosen hermitian metric. 
Write 

i even i odd 

and let (f> he a symmetric power series in r variables. 
As before, we can define the Chern forms 

</)(0 and <^( 0(iJ„ 

i even i odd 

that represent the Chern classes (pi^^ even-^O and 0(0, odd-^«)- The Chern 
classes are compatible with respect to exact sequences, that is, 

cPi^ E,)^cb{^E,). 

i even i odd 

But, in general, this is not true for the Chern forms. This lack of compatibility 
with exact sequences on the level of Chern forms is measured by the Bott- Chern 
classes. 

Definition 2.1. Let 

£/* — (... > i^n > -CJn-1 > ■ ■ ■ ) 
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be an acyclic complex of hcrmitian vector bundles, we will say that is an 
orthogonally split complex of vector bundles if, for any integer n, the exact 
sequence 

Ker /„ En Kcr 

is split, there is a splitting section s„ : Ker/„_i — > En such that En is the 
orthogonal direct sum of Ker /„ and Im s„ and the metrics induced in the 
subbundle Ker/„_i by the inclusion Kcr/„_i C En-i and by the section s„ 
agree. 

Notation 2.2. Let {x : y) be homogeneous coordinates of and let t = x/y 
be the absolute coordinate. In order to make certain choices of metrics 
in a functorial way, we fix once and for all a partition of unity {cto,(Too}, 
over subordinated to the open cover of P^ given by the open subsets 
{{\y\ > 1/2|.t|},{|x| > l/2\y\}}. As usual we wiU write oo = (1 : 0), = (0 : 1). 

The fundamental result of the theory of Bott-Chern classes is the following 
theorem (see [7], g], [l9]). 

Theorem 2.3. Therejis a unique way to attach to each bounded exact complex 
i?» as above, a class (j){Et:) in 

&'-\X, fc) = 2?2fe-i (X, k)/Im{dv) 

k k 

satisfying the following properties 
(i) (Differential equation) 

di,0(E,) = <^(0 (i?,,/i.))-0(0(i?.,/i.)). (2.4) 

i even i odd 

(a) ( Functoriality ) f^(j){E^ ) — (j){f*E^), for every holomorphic map 
f:X'^X. 

(Hi) (Normalization) If E^, is orthogonally split, then (l>{E^) = 0. 
Proof. We first recall how to prove the uniqueness. 

Let Ki = {Ki,gi), where Ki = Ker fi and gi is the metric induced by the 
inclusion Ki C Ei. Consider the complex manifold X xP^ with projections pi 
and p2. For every vector bundle F on X we will denote F{i) = p^F ^P20pi {i). 
Let C* = C{E^)^ be the complex of vector bundles on X x P^ given by Ci = 
Ei{i) © Ei^i{i - 1) with differential d{s,t) = {t,0). Let ^ D{E^)^ be the 
complex of vector bundles with Di = Ei^i{i) -Ei_2(* — 1) and differential 
d{s,t) = (<, 0). Using notation 12.21 we define the map ip: C{E^,)i — > D{Et)i 
given by tp{s, t) = {fi{s) — t® y, fi^iit)). It is a morphism of complexes. 

Definition 2.5. The first transgression exact sequence of E^, is given by 

tri(£',)* = Keri/'. 
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On X X A^, the map plEi — > C^E^)^ given by s i — > (s y\ fiis) ^) 
induces an isomorphism of complexes 

pIE^ — > tTi{E^)^\xxA^, (2-6) 

and in particular isomorphisms 

tri{E,),\xx{o}=E,. (2.7) 

Moreover, we have isomorphisms 

tri(-B*)»|A'x{oc} = K, ® A',_i. (2.8) 

Definition 2.9. We wiU denote by tri(£',), the complex tri(i?*), provided 
with any hermitian metric such that the isomorphisms p.7p and p.8[) are 
isometrics. If we need a functorial choice of metric, we proceed as follows. 
On X X (P^ \ {0}) we consider the metric induced by C on tri(i?*)*. On 
X X (P^ \ {oo}) we consider the metric induced by the isomorphism (j2.6p . We 
glue both metrics by means of the partition of unity of notation [ 



In particular, we have that tTi{E^,)\xx{oc} is orthogonally split. We assume 
that there exists a theory of Bott-Chern classes satisfying the above properties. 
Thus, there exists a class of differential forms 0(tri(i?*)*) with the following 
properties. By (i) this class satisfies 

dv 0(tri(E,),) - 0( tri(E,),)) - 0(0 tri(;E,),). 

i even i odd 



By (ii) it satisfies 

(j){tTi{E^)^) Ux{o}= 0(tri(£:*)* Lyx{o}) = (t>{E*)- 



Finally, by (ii) and (iii) it satisfies 

(j}{tri{E^)^) \xx{oc}= ^(tri(£;,), |xx{oo}) = 0. 

Let 0(tri(i?,),) be any representative of the class (/)(tri(i?*)*). 
Then, in the group 2?^'^"^ (-'^", k), we have 

= dp-i^/ _llog(tt").(/.(tri(;B,),) 

27ri Jpi 2 

= 7^ f (di,-ilog(tt")»0(tri(:E,),)-^log(tt).dp,^(tri(;B,),) 

ZTTl Jpl \ 2 2 

= (t>itTi{E^)^)\xx{oo} - </'(tri(S*)*)|xx{o} 

f ^log(«") • (^i - 0(0 tri(;B,)0) 

i even i odd 

= -^(E.) -^J^ log(«") • (<^( tri(:B,),) - 0( tri(;B,),)). 

^ z even 2 odd 
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Hence, if such a theory exists, it should satisfy the formula 

4>(E.) = 7^ f ^log(tt") • (0(0 tri(;B,),) - 0( tri(;E,).))- (2-10) 
27ri Jpi 2 ^ 

1 odd z even 

Therefore 4>{E*) is determined by properties (i), (ii) and (iii). 
In order to prove the existence of a theory of functorial Bott-Chern forms, we 
have to see that the right hand side of equation (|2.10[) is independent from the 
choice of the metric on tii[Etf)^: and that it satisfies the properties (i), (ii) and 
(iii). For this the reader can follow the proof of [4| theorem 1.29. 

□ 

In view of the proof of theorem 12.31 we can define the Bott-Chern classes as 
follows. 

Definition 2.11. Let 

E^:Q^ [En, h„) — ^ . . . — ^ {El, hi) {Eo, ho) 
be a bounded acyclic complex of hermitian vector bundles. Let 
r = rk(i?0 = ^ rk(i?0. 

i even i odd 

Let (j) £ ]3)[[xi, . . . , Xr]]*^'' be a symmetric power series in r variables. Then 
the Bott-Chern class associated to (f> and E^, is the element of ^ 'D'^{Ex,p) 
given by 

= ^J\^ log(«") • (<^(0 i^l(E*)^) - 0( tri(;E,),)). 

^ i odd i even 

The following property is obvious from the definition. 

Lemma 2.12. Let E^ be an acyclic complex of hermitian vector bundles. Then, 
for any integer k, 

cp{E,[k]) = (-l)V(^*)- 

□ 

Particular cases of Bott-Chern classes are obtained when we consider a single 
vector bundle with two different hermitian metrics or a short exact sequence of 
vector bundles. Note however that, in order to fix the sign of the Bott-Chern 
classes on these cases, one has to choose the degree of the vector bundles 
involved, for instance as in the next definition. 

Definition 2.13. Let £' be a holomorphic vector bundle of rank r, let ho 
and hi be two hermitian metrics and let (j) be an invariant power series of r 
variables. We will denote by (j){E,ho,hi) the Bott-Chern class associated to 
the complex 

l:0—^iE,hi) — > {E,ho)~->0, 
where {E, ho) sits in degree zero. 
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Therefore, this class satisfies 

dp ^{E, ho, hi) = (j){E, ho) - (j){E, hi). 

In fact we can characterize (t>{E, Hq, hi) axiomatically as foUows. 

Proposition 2.14. Given <f), a symmetric power series in r variables, there is 
a unique way to attach, to each rarik r vector bundle E on a complex manifold 
X and metrics ho and hi, a class (f>{E,ho,hi) satisfying 

(i) dvHE,ho,hi)^(j){E,ho)-(l){E,hi). 

(ii) f*(j){E,ho,hi) = (j){f*{E,ho,hi)) for every holomorphic map f: Y — > 
X. 

(Hi) 4>{E,h,h) = 0. 

Moreover, if we denote E := tri(^)i, then it satisfies 

E\xy.{oo] = {E, ho), E\xx{o} = {E, hi) 

and 

^{E, ho, hi) = ^ f log(tt-) . ^(^). (2.15) 

ZTTl Jpl Z 

Proof. The axiomatic characterization is proved as in theorem 12.31 In order 
to prove equation (|2.15p . if we foUow the notations of the proof of theorem 
12.31 we have Kq = {E,ho) and Ki = 0. Therefore tri(^)o = p\{E,ho), while 

E tri(J)i satisfies_£;|xx{o} = {E,hi) and E\xx{oo} = {E,ho). Using the 
antisymmetry of log tt under the involution 1 1/t wc obtain 

^{E, ho,hi)^ m f ^ log(«") • ^(E). 

2m Jpl 2 

□ 

We can also treat the case of short exact sequences. If 

e: — >E2 — >Ei — >Eo — ^ 

is a short exact sequence of hermitian vector bundles, by convention, we will 
assume that Eo sits in degree zero. This fixs the sign of (/'(e). 

Proposition 2.16. Given (j), a symmetric power series in r variables, there 
is a unique way to attach, to each short exact sequence of hermitian vector 
bundles on a complex manifold X 

e: ^E2 ^Ei ^Eo 0, 

where Ei has rank r, a class (t>(e) satisfying 
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(i) dp 0(e) - 0(^0 © S2) - 0(^1 ). 

('zij f*(j){e) — 4>{f*{e)) for every holomorphic map f: Y — > X. 
(in) 4)(s) = whenever e is orthogonally split. 

□ 

The following additivity result of Bott-Chern classes will be useful later. 

Lemma 2.17. Let A, „ be a bounded exact sequence of bounded exact sequences 
of hermitian vector bundles. Let 

i,j even i,j odd i odd i even 

j even j odd 

Let (j) he a symmetric power series in r variables. Then 

k even k odd k even k odd 

Proof. The proof is analogous to the proof of proposition 16 . 1 31 and is left to the 
reader. □ 

Corollary 2.18. Let A*^* be a bounded double complex of hermitian vector 
bundles with exact rows, let 

r= J2 rk(Aj)= ^k(A,-,) 

even odd 

and let (j) he a symmetric power series in r variables. Then 
^(Tot = 0(0 AH.,fc[-fc]). 

k 

Proof. Let kg be an integer such that Ak^i — for k < k^. For any in- 
teger n we denote by Tot„ ~ Tot{{Ak^i)k>n) the total complex of the ex- 
act complex formed by the rows with index greater or equal than n. Then 
TotfeQ = Tot(^, „). For each k there is an exact sequence of complexes 

Totfe+i Totfee0 A,4-/] 0, 

Kk l<k 

which is orthogonally split in each degree. Therefore by lemma [2. 171 we obtain 
0(Totfc®0A,.,[-/]) = 0(Totfc_i®0A,,,H]). 

Kk l<k 

Hence the result follows by induction. □ 
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A particularly important characteristic class is the Chern character. This class 
is additive for exact sequences. Specializing lemma [2.171 and corollary 12. 181 to 
the Chern character we obtain 

Corollary 2.19. With the hypothesis of lemma \2.11\ the following equality 
holds: 

^(-l)^ch(^fc,,) - ^(-l)'=ch(l,,fc) = ch(Tot 

k k 

□ 

Our next aim is to extend the Bott-Chern classes associated to the Chern 
character to metrized coherent sheaves. This extension is due to Zha 
although it is still unpublished. 

Definition 2.20. A metrized coherent sheaf J" on AT is a pair {J-,E^ — > F) 
where is a coherent sheaf on X and 

Q-^En^ En^i yEo^J'^O 

is a finite resolution by hermitian vector bundles of the coherent sheaf T. This 
resolution is also called the metric of 

If ii^ is a hermitian vector bundle, we will also denote by E the metrized coherent 
sheaf {E,E^ E). 

Note that the coherent sheaf may have non trivial metrics. In fact, any exact 
sequence of hermitian vector bundles 

O^An-^ >Ao^Q^O 

can be seen as a metric on 0. It will be denoted Qa,- A metric on is said to 
be orthogonally split if the exact sequence is orthogonally split. 
A morphism of metrized coherent sheaves J^i — > is just a morphism of 
sheaves — > J^2- A sequence of metrized coherent sheaves 

£ . ... y J' n+l ^ n ^ n—1 ^ ■ ■ • 

is said to be exact if it is exact as a sequence of coherent sheaves. 

Definition 2.21. Let T = {J^,E^, — >• J") be a metrized coherent sheaf. Then 
the Chern character form associated to is given by 

ch(j=) = ^(-irch(:E,). 

i 

Definition 2.22. An exact sequence of metrized coherent sheaves with com- 
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patible metrics is a commutative diagram 







J 

■ En.l 
J 

^ En.O 

i 

^ 

; 





J 

Eo.i 
J 

Eq.o 

i 
i 





(2.23) 



where all the rows and columns are exact. The columns of this diagram are the 
individual metrics of each coherent sheaf. We will say that an exact sequence 
with compatible metrics is orthogonally split if each row of vector bundles is 
an orthogonally split exact sequence of hermitian vector bundles. 

As in the case of exact sequences of hermitian vector bundles, the Chern char- 
acter form is not compatible with exact sequences of metrized coherent sheaves 
and we can define a secondary Bott-Chern character which measures the lack 
of compatibility between the metrics. 

Theorem 2.24. 1) There is a unique way to attach to every finite exact 
sequence of metrized coherent sheaves with compatible metrics 

on a complex manifold X a Bott-Chern secondary character 

ch(e)e0p2p-i(x,p) 
p 

such that the following axioms are satisfied: 
(i) (Differential equation) 

dpcMe) = ^(-l)^ch(Jfc). 

k 

(ii) (Functoriality) If f : X' — > X is a morphism of complex manifolds, 
that is tor-independent from the coherent sheaves Tk, then 

r(ch)(£) = ch(r£), 

where the exact sequence f*e exists thanks to the tor-independence. 
(Hi) (Horizontal normalization) Ife is orthogonally split then 

ch(£) 0. 
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2) There is a unique way to attach to every finite exact sequence of metrized 
coherent sheaves 

e: ^ ^ • • • ^ J"o ^ 
on a complex manifold X a Bott-Chern secondary character 

ch(e)e0p2p-i(x,p) 
p 

such that the axioms (i), (ii) and (Hi) above and the axiom (iv) below are 
satisfied: 

(iv) (Vertical normalization) For every bounded complex of hermitian 
vector bundles 

>Ak^ ^ 3o ^ 

that is orthogonally split, and every bounded complex of metrized 
coherent sheaves 

e: ^ J^n ^ • • • ^ J'o ^ 
where the metrics are given by Ei,^: Ti, if, for some io we denote 

and 

e': 0^J„^ >y\,^ >^o^0, 

then ch(e') — ch(£). 

Proof. 1 ) The uniqueness is proved using the standard deformation argument. 
By definition, the metrics of the coherent sheaves form a diagram hke p.23p . 
On X X P-^, for each j > we consider the exact sequences £'*j = tri(ii^,j) 
associated to the rows of the diagram with^the hermitian metrics^ of definition 
12.91 Then, for each i,i there are maps d: Eij — >■ Ei-ij, and S: Ei_j — > Ei^-i. 
We denote _ _ _ 

j:, = Coker(J: E.^^E.^o)- 

Using the definition of tri and diagram chasing one can prove that there is a 
commutative diagram 





J 


i 






- 








-> 




J 








- 


> En.O - 


> ... - 


Eq.o 


^ 




i 




i 




- 




> ... - 




^ 




; 


; 


i 
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where all the rows and columns arc exact. In particular this implies that the 
inclusions iq: X X x {0} ^ X x and ioc,: X -> X x {00} X x 
are tor- independent from the sheaves J-'i. But IqJ-'* is isometric with J^^, and 
i^J-"* is orthogonally split. Hence, by the standard argument, axioms (i), (ii) 
and (iii) imply that 

ch(s) = ^(-l)^ch(;E.,,). (2.26) 

j 

To prove the existence we use equation (|2.26p as definition. Then the properties 
of the Bott-Chern classes of exact sequences of hermitian vector bundles imply 
that axioms (i), (ii) and (iii) are satisfied. 
Proof of 2). We first assume that such theory exists. Let 

>Ak^ >Ao^O 

be a bounded complex of hermitian vector bundles, non necessarily orthogo- 
nally split, and 

e : ^ J"„ ^ • • • ^ J'o ^ 

a bounded complex of metrized coherent sheaves where the metrics are given 
by — > J-i. As in axiom (iv), for some io we denote 

and 

e' : ^ ■ ■ ■ ^ J^'ia ^ • • • J"o ^ 0. 

By axioms (i), (ii) and (iv), the class (— l)*°(ch(e') — ch(e)) satisfies the prop- 
erties that characterize ch(^H.). Therefore ch(£') = ch(£) -I- (— l)"'ch(A*). 
Fix again a number and assume that there is an exact sequence of resolutions 

-1. -E;,,, ^E,,.,, -0 (2.27) 



^ J' if, J'ia 

Let now e' denote the exact sequence e but with the metric E^^ ^ in the position 
iQ. Let ri,j denote the j-th row of the diagram (j2.27p . Again using a deformation 
argument one sees that 

ch(£') - cli(e) = l^ch(X) - ^(-1)^ ch(,y,) j . (2.28) 
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Choose now a compatible system of metrics 



i 


i 


i 




^ Dn.l - 






^ 


i 


i 


i 




^ D„.o - 






^ 


i 


i 


i 




^ -Fn - 






^ 


; 


i 


















we denote by each row of the above diagram. For each i, choose a resolution 
i? — Ti such that there exist exact sequences of resolutions 

^E,^, ^0 (2.30) 



^ T., = T, 

and 

^B,,, ^A,* ^0 (2.31) 



*- Ti = T^ 

We denote by ^ each row of the diagram (|2.30p and by Ji^ ^ each row of the 
diagram Then, by (P?^ and ([225]), we have 

ch(£) = ^(-1)^- ch(A,) + ^(-l)Xch(S,,,) - ch(A,,)) 

d i 

+ E(-l)^^'(<=h(77,^.) - ch(7I,,,)) (2.32) 

Thus, ch(e) is uniquely determined by axioms (i) to (iv). To prove the existence 
we use equation (|2.32p as definition. We have to show that this definition is 
independent of the choices of the new resolutions. This independence follows 
from corollarv l2.19l Once we know that the Bott-Chern classes are well defined, 
it is clear that they satisfy axioms (i), (ii), (iii) and (iv). □ 
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^ J'n+l.m+l 




J'n+l.m-l 


_ ^ 




_ ^ 


^ n.7n-\-l ~ 




n.m — 1 








^ ^ n—1, m +1 ~ 


~^ — 1 , 7n ~ 


n — 1 , 771 — 1 


i 


1 





is a bounded commutative diagram of metrized coherent sheaves, where all the 
rows . . . {en-i), (Sn), (en+i), • • • and all the columns {r]^_i), (rj^), (rj^^i) are 
exact, then 

5^(-l)"ch(£„) = ^(-l)'"ch(77,J. 

n m 

Proof. This follows from equation p.32p and corollary 12. 191 □ 

We will use the notation of definition 12 . 131 also in the case of metrized coherent 
sheaves. 

It is easy to verify the following result. 
Proposition 2.34. Let 

(e) ... > En+l > En > En-1 > . . . 

be a finite exact sequence of hermitian vector bundles. Then the Bott-Chern 
classes obtained by theorem \2.24\ and by theorem \2.3\ agree. □ 

Proposition 2.35. Let T = {T,E^ F) be a metrized coherent sheaf. We 
consider the exact sequence of metrized coherent sheaves 

e: O^En^ yEo^y^O, 

where, by abuse of notation, Ei = (Ei, Ei ^ Ei). Then ch(e) = 0. 

Proof. Define Ki — Ker(i?i -> Ei^i), i — 1, . . . ,n and /Co = Ker(i?o J-). 
Write 

ICt ^ {ICi,0 ^ En ^ ■ ■ ■ ^ E,+i JCi), i = 0, . . . , n, 
and /C_i ~ J- . If we prove that 

ch(0 -^1C,^E.,^ ^ 0) = 0, (2.36) 
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then we obtain the result by induction using proDOsition l2.33l In order to prove 
equation p.36p we apply equation (|2.32l) . To this end consider resolutions 









= Ek+i 




-> Ei, 


Dim 


= Ek+i+i 






D2.k 


= Ek+i+i 



E 



k+i 



with the map I?2,fc ^ Di^ given by s > (s,ds) and the map Di^ Dqm 
given by {s,t) i— > t — ds. The differential of the complex Di_k is given by 
{s,t) (i,0). Using equations (|2.32p and (|2.26p we write the left hand side of 
equation (|2.36p in terms of Bott-Cliern classes of vector bundles. All the exact 
sequences involved are orthogonally split except maybe the sequences 

Afc : ^ D2,k -> Di,k ^ Do,k ^ 0. 
But now we consider the diagrams 



Ek+i+i 

id 



Ek+i+1 ffi Ek+i 
/ 



and 



Ek+' 
Ek+i 

id 



i+1 



— ^ Ek+i+i 



' Ek+i 



^ J^k+i 



— ^ Ek+i 



Ek+i+1 ffi Ek+i 
f 



^ ^k+i+l J 



id 



E, 



k+i 



E 



fe+i+l 



Ek, 



E, 



k+i+l 



where ii, 12 are the natural inclusions, pi and p2 are the projections and 
f{s,t) = {s,t + /(s)). These diagrams and coroUarv 12.191 implv that ch(Afe) = 
0. □ 

Remark 2.37. In [32], Zha shows that the Bott-Chern classes associated to 
exact sequences of metrized coherent sheaves are characterized by proposition 
12.341 proposition 12.351 and proposition 12.331 We prefer the characterization in 
terms of the differential equation, the functoriality and the normalization, be- 
cause it relies on natural extensions of the corresponding axioms that define the 
Bott-Chern classes for exact sequences of hermitian vector bundles. Moreover, 
this approach will be used in a subsequent paper where we will study singular 
Bott-Chern classes associated to arbitrary proper morphisms. 



The following generalization of proposition 12.351 will be useful later. Let 
e-.O^Gn^ Gn-i ^ ^0 ^ ^ 
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be a finite resolution of a coherent sheaf by coherent sheaves. Assume that we 
have a commutative diagram 



J 


; 


J 


El.n - 






J 


; 


J 


Eo^n - 


> ... - 




i 


; 


i 


Gn - 




-> Go 


i 


; 


i 












^ Gn. ^ ... ^ Cn ^ ^ 



where the columns are exact, the rows are complexes and the E^ j are her- 
mitian vector bundles. The columns of this diagram define metrized coherent 
sheaves Gi- Let T be the metrized coherent sheaf defined by the resolution 

Tot(;B,,*) — > T. 

Proposition 2.38. With the notations above, let e be the exact sequence of 
metrized coherent sheaves 

e:0^ Gn Gn-i ^ ^0 ^ ^ ^ 

Then ch{e) = 0. 

Proof. For each k, let Tot^ = Tot((£'*j)j>fc). There are inclusions Tot^ — > 
Totfc_i. Let D*j ~ s(Totj+i — > Totj) with the hermitian metric induced by 
i?*^*. There are exact sequences of complexes 

— > — > — > s(Totj+i ^ Totj+i) — > (2.39) 

that are orthogonally split at each degree. The third complex is orthogonally 
split. Therefore, if we denote hy hs and ho the metric structures oiGj induced 
respectively by the first and second column of diagram (j2.39p . then 

chiGj,hE,hD) ^0. (2.40) 
There is a commutative diagram of resolutions 





J 


i 


; 


; 




^ 


Dl,n 






-> (Toto)i 


^ 




i 


i 


i 


; 




^ 








-> (Toto)o 


^ 




i 


i 


i 


; 




^ 


Gn ^ 




^ Go - 


■> J" 


^ 






i 


; 
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where the rows of degree greater or equal than zero are orthogonally split. 
Hence the result follows from equation (|2.26p . equation (|2.40p and proposition 

D □ 

Remark 2.41. We have only defined the Bott-Chern classes associated to the 
Chern character. Everything applies without change to any additive charac- 
teristic class. The reader will find no difficulty to adapt the previous results to 
any multiplicative characteristic class like the Todd genus or the total Chern 
class. 



3 Direct images of Bott-Chern classes 



The aim of this section is to show that certain direct images of Bott-Chern 
classes are closed. This result is a generalization of results of Bismut, Gillet and 
Soule [6] page 325 and of Mourougane [29] proposition 6. The fact that these 
direct images of Bott-Chern classes are closed implies that certain relations 
between characteristic classes are true at the level of differential forms (see 
corollary 13.71 and corollary 13. 8|) . 

In the first part of this section we deal with differential geometry. Thus all the 
varieties will be differentiable manifolds. 

Let Gi be a Lie group and let tt: 7V2 — > M2 be a principal bundle with 
structure group G2 and connection 012. Assume that there is a left action of Gi 
over N2 that commutes with the right action of G2 and such that the connection 
UJ2 is Gi-invariant. 

Let 01 and Q2 be the Lie algebras of Gi and G2. Every element 7 € 0i defines 
a tangent vector field 7* over N2 given by 



exp(t7)p. 

t=o 



Let (7*)^ be the vertical component of 7* with respect to the connection uj2- 
For every point p G N2, we denote by (p('y,p) G Q2 the element characterized 
by {'y*)p = 'p{l,p)p, where (p{'-f,p)* is the fundamental vector field associated 
to f{j,p). 

The commutativity of the actions of Gi and G2 and the invariance of the 
connection UJ2 implies that, for g G Gi and 7 G gi, the following equalities hold 

Lg.(7*) = (ad(5)7*), (3.1) 
V(7*)^ = (ad(5)7*)'', (3.2) 
(p{a,d{g)-f,p) = (p{j,g-'^p). (3.3) 

Let Q2 be the vector bundle over M2 associated to iV2 and the adjoint repre- 
sentation of G2. That is, 

G2 = N2X B2/{{P9,v) ^ {p,a.d{g)v)) . 
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Thus, wc can identify smooth sections of Q2 with g2-vahied functions on N2 
that are invariant under the action of G2. In this way, if{'^,p) determines a 
section 

Equation p.3p impUes that, for g G Gi and 7 G gi, 

<<5(ad(.g)7) = L*-i(^(7). 

We denote by fi"^ the curvature of the connection uj2 ■ Let P be an invariant 
function on Q2, then + 1^9(7)) is a well defined differential form on M2. 

Proposition 3.4. Let P be an invariant function on Q2 o,nd let fi be a current 
on M2 invariant under the action ofGi. Then ii[P(fl'^^ +ip{'^))) is an invariant 
function on gi. 

Proof Let g e Gi. Then, 

+ ^(ad(5)7))) = Km'^' + L;-i^m) 

= f,{p{Li^,n-^ + Li^Mi))) 
= Lg-^,{^l){p{^l-■^ + ^{^))) 
= ^Ji{p{n-■^- + ^{-1))) 

□ 

Let now A^i — > Afi be a principal bundle with structure group Gi and provided 
with a connection uii. Then we can form the diagram 

iVi X N2 ) Ni X A^2 

Gi 




A^i X M2 > A^i X Af 2 

Gi 

Q 

Ml 

Then tt is a principal bundle with structure group G2 . The connections uji and 
UJ2 induce a connection on the principal bundle tt. The subbundle of horizontal 
vectors with respect to this connection is given by ni^:{T^ Ni®T^ N2). We will 
denote this connection by loi^2- We are interested in computing the curvature 

Wl,2- 

In fact, all the maps in the above diagram are fiber bundles provided with a 
connection. When applicable, given a vector field U in any of these spaces, we 
will denote by U^'^ the horizontal lifting to A^i x N2, by U^'^ the horizontal 
lifting to A^i X N2 and by U"'^ the horizontal lifting to iVi x M2. 

Gi Gi 
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The tangent spaee T{Ni x 7V2) can be decomposed as direct sum in the foUowing 
ways 

r(iVi X N2) T"Ni ® T^Ni ® T"N2 © T^N2 

= T"Ni ® T^Ni ® T"N2 ® Ker tti* , (3.5) 

For every point (x, y) e Ni x N2 we have that (Ker7ri*)(^,,y) C Ni © TyN2. 
Moreover, there is an isomorphism gi — > (Ker7ri*)(2:,i;) that sends an element 
7 e 01 to the element (7^-7^) € TjiVi © TyiVj. 

The tangent space to A^i x M2 can be decomposed as the sum of the subbundle 

Gi 

of vertical vectors with respect to q and the subbundle of horizontal vectors 
defined by the connection wi. The horizontal lifting to A^i x A^2 of a vertical 
vector lies in N2 and the horizontal lifting of a horizontal vector lies in 
T"Ni. 

Let J7, V be two vector fields on AIi and let U^'^, V^'^ be the horizontal 
liftings to TVi X M2. Then 

Gi 

= 7ri,,([C/^'3, V^'Y'^ - [u. vf^^ + r!"i ([/, V)). 

But, we have 

Therefore, by the direct sum decomposition p.Sp we obtain that 

where the vertical part is taken with respect to the fib re bundle tt. 

If ?7 is a horizontal vector field over A^i x M2 and is a vertical vector field, 

Gi 

a similar argument shows that Vl'^^-^{U^ V) = 0. Finally, if U and V are vector 
fields on Af2, they determine vertical vector fields on A^i x 1/2- Then the 

Gi 

horizontal liftings U^'"^ and V^'^ are induced by horizontal liftings of U and 
y to A*"2. Therefore, reasoning as before we see that 

Proposition 3.6. Let Gi and G2 be Lie groups, with Lie algebras Qi and 
02- L'or i = 1,2, let Ni — > Mi be a principal bundle with structure group 
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Gi, provided with a connection Ui. Assume that there is a left action of Gi 
over N2 that commutes with the right action of G2 and that the connection uj2 
is invariant under the Gi-action. We form the G2-principal bundle tt: 7Vi x 

Gi 

7V2 — > Ni X A/2 with the induced connection uji 2 and curvature fl'^^-^. Let 

Gi 

P be any invariant function on 02- Thus is a well defined closed 

differential form on Ni x M2 ■ Let fi be a current on M2 invariant under the 

Gi 

Gi-action. Being Gi invariant, the current fi induces a current on Ni x M2, 

Gi 

that we denote also by fi. Let q: Ni x M2 — > Mi be the projection. Then 

Gi 

(7*(P(r2"^'^) A /i) is a closed differential form on Mi. 

Proof. Let U C Ml be a trivializing open subset for A^i and choose a trivial- 
ization of A^i \u= U x Gi. With this trivialization, we can identify fi"i \u with 
a 2-form on U with values in gi. 
For 7 e 01; we denote by 

^^7) = /i(P(f7"^ + ^(7))) 

the invariant function provided by proposition l3.4l 

Then 

Therefore, the result follows from the usual Chern-Weil theory. □ 

We go back now to complex geometry and analytic real Deligne cohomology 
and to the notations II. 3[ in particular (|1.4[) . 

Corollary 3.7. Let X be a complex manifold and let E = {E, h^) be a 
rank r hermitian holomorphic vector bundle on X. Let tt: P(£^) — > X be 
the associated projective bundle. On V[E) we consider the tautological exact 

sequence 

J: — ^ 0{-\) — ^ TT*E — ^ Q ^ 

where all the vector bundles have the induced metric. Let Pi, P2 and P3 be 
invariant power series in 1, r — 1 and r variables respectively with coefficients 
in B. Let Pi(0(— 1)) and P2(Q) be the associated Chern forms and let PsiS,) 
the associated Bott-Chern class. Then 

7r,(Pi(oFT)) . P2(g) . P3©) e^&''~\x,k) 

k 

is closed. Hence it defines a class in analytic real Deligne cohomology. This 
class does not depend on the hermitian metric of E. 

Proof. We consider C with the standard hermitian metric. On the space P(C'") 
we have the tautological exact sequence 

Op(c^)(-i) ^ e ^ g ^ 0. 
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Let {x : y) be homogeneous coordinates on and \ci t ~ x/y he the absolute 
coordinate. Let pi and p2 be the two projections of A/2 = P(C) x P^. Let E 
be the cokernel of the map 

PtOp(C'-)(-l) ptOp(c^)(-l)(g)p20pi(l)©ptC^(8p^Opi(l) 
s I — s®y + f{s) ® X 

with the metric induced by the standard metric of C and the Fubini-Study 
metric of Op(i)(l). 

Let N2 be the principal bundle over M2 formed by the triples (ei, 62, 63), where 
ei, 62 and 63 are unitary frames oi p\Op^c.r-^[~l), p^Q and E respectively. The 
structure group of this principal bundle is G2 = U{1) x U{r — 1) x U{r). Let 
0^2 be the connection induced by the hermitian holomorphic connections on the 
vector bundles p*C'p(C'-)(— 1), p\Q and E. 

Now we denote Mi = X, and let Ni be the bundle of unitary frames of E. 

This is a principal bundle over Mi with structure group Gi = U{r). 

The group Gi acts on the left on N2. This action commutes with the right 

action of G2 and the connection uj2 is invariant under this action. 

Let n = [— log(|t|)] be the current on M2 associated to the locally intcgrable 

function — log(|i|). This current is invariant under the action of Gi because 

this group acts trivially on the factor P^ . 

The invariant power series Pi , P2 and P3 determine an invariant function P on 
02, the Lie algebra of G2. 

Let LOi be the connection induced in A'^i by the holomorphic hermitian con- 
nection on E. As before let wi 2 be the connection on A^i x N2 induced 

Gi 

by LOi and LU2 and let q: Ni x M2 — 5- Mi be the projection. Observe that 

Gi 

Ni X M2 = P(-B) X Pi and g = TT o pi. 

Gi 

By the projection formula and the definition of Bott-Chcrn classes we have 
^,(Fi(OFT)) A P2(Q) A P^m = 94/^ • P{n'^''')), 

Therefore the fact that it is closed follows from 13.61 Since, for fixed Pi, P2 and 
P3, the construction is functorial on (X.E), the fact that the class in analytic 
real Deligne cohomology does not depend on the choice of the hermitian metric 
follows from proposition 11.71 □ 

Corollary 3.8. Let E ~ {E, h^) be a hermitian holomorphic vector bundle on 
a complex manifold X . We consider the projective bundle tt: P(£'0 C) — > X . 
Let Q be the universal quotient bundle on the space P(iJ C) with the induced 
metric. Then the following equality of differential forms holds 

i 

7r,^(-l)'ch(/\Q'') = 7r4c,(g) Td'^Q)) ^ Td-\E) . 

i 
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Proof. Let ^ be the tautological exact sequence with induced metrics. We first 
prove that 

7r,(c,(Q) Td(OFT))) = l. 

We can write Td(C'(— 1)) ~ 1 + ci(C'(— 1))(/)(C'(— 1)) for certain power series cj). 
Since Cr+i{E © C) = we have 

Therefore, by corollary 13.71 we have 

MCriQ) Td(OFT))) = TT,{Cr{Q)) + (c, (Q)ci (OPT))0(OPT))) 

= 1 + dvTT^Cr+liOHOi-m 
= 1. 

Then the corollary follows from corollarv 13.71 bv using the identity 
TT^CriQ) Td"'(Q)) = 7r,(c,(Q)Td(OPT))7r* Tcr^E)) 

+ dv McriQ) Td(OPT))Td-^©). 

□ 

The following generalization of corollarv 13.71 provides many relations between 
integrals of Bott-Chern classes and is left to the reader. 

Corollary 3.9. Let X be a complex manifold and let E — {E, h^) be a 
rank r hermitian holomorphic vector bundle on X. Let tt: ¥{E) — > X be 
the associated projective bundle. On V{E) we consider the tautological exact 
sequence 

1:0 — > 0{-l) — > Tr*E — ^ Q — ^ 

where all the vector bundles have the induced metric. Let Pi and P2 be invariant 
power series in 1 and r — 1 variables respectively with coefficients in D and let 
P3, . . . , Pfc be invariant power series in r variables with coefficients in D. Let 
Pi(0(— 1)) and P2{Q) be the associated Chern forms and let -P3(C), ■ . ■ ,Pk{£,) 
be the associated Bott-Chern classes. Then 

^4Pi(oFT)) . P2{Q) • P3© • • • • • M)) 

is a closed differential form on X for any choice of the ordering in computing 
the non associative product under the integral. 

4 COHOMOLOGY OF CURRENTS AND WAVE FRONT SETS 

The aim of this section is to prove the Poincare lemma for the complex of 
currents with fixed wave front set. This implies in particular a certain dd- 
lemma (corollarv 14. 7p that will allow us to control the singularities of singular 
Bott-Chern classes. 
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Let X be a complex manifold of dimension n. Following notation 11.31 recall 
that there is a canonical isomorphism 

A current rj can be viewed as a generalized section of a vector bundle and, as 
such, has a wave front set that is denoted by WF(77). The theory of wave front 
sets of distributions is developed in [5S] chap. VIII. For the theory of wave front 
sets of generalized sections, the reader can consult [24] chap. VI. Although we 
will work with currents and hence with generalized sections of vector bundles, 
wc will follow |25j . 

The wave front set of ?/ is a closed conical subset of the cotangent bundle of X 
minus the zero section T*Xq ~ T*X \ {0}. This set describes the points and 
directions of the singularities of 77 and it allows us to define certain products 
and inverse images of currents. 

Let S C T*Xo be a closed conical subset, we will denote by g the subsheaf 
of currents whose wave front set is contained in S. We will denote by D* {X, S) 
its complex of global sections. 

For every open set U C X there is an appropriate notion of convergence in 
s(^) (see [25] VIII Definition 8.2.2). AU references to continuity below are 
with respect to this notion of convergence. 
We next summarize the basic properties of wave front sets. 

Proposition 4.1. Let u he a generalized section of a vector bundle and let P 
he a differential operator with smooth coefficients. Then 

WF{Pu) C WF(m). 

Proof This is Eg VIII (8.1.11). □ 

Corollary 4.2. The sheaf ^xs closed under d and d. Therefore it is a 
sheaf of Dolheault complexes. 

Let / : X — > y be a morphism of complex manifolds. The set of normal 
directions of / is 

Ns = {{f{x),v)eT*Y\df{xfv^Q}. 

This set measures the singularities of /. For instance, if / is a smooth map 
then Nf = whereas, if / is a closed immersion, Nf is the conormal bundle of 
f{X). Let S C T*Yo be a closed conical subset. We will say that / is transverse 
to S* if TV/ n 5 = 0. We will denote 

f*S = {{x,df{xYv) e T*Xo I {f{x),v) e S}. 

Theorem 4.3. Let f: X — > Y be a morphism of complex manifolds that is 
transverse to S. Then there exists one and only one extension of the pull-hack 
morphism f* : — > to a continuous morphism 
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In particular there is a continuous morphism of complexes 

D*{Y,S) — ^ D*{X,f*S). 

Proof. This follows from gS] theorem 8.2.4. □ 

We now recall the effect of correspondences on the wave front sets. 

Let K e D*{X X Y), and let 5 be a conical subset of T*Yq. Wc will write 

WFiK)x = {ix,0 e T*Xo I 3y e Y,{x,y,^,0) e WF(i^)} 
WF' iK)Y = {{y,v) e T*Yo \ 3x e X, {x,y,0,^Tj) e WF{K)} 
WF'(A-) oS = {{x,Oe T*Xo I 3{y, v) e S, {x, y, ^, -7?) e WF(A-)}. 

Theorem 4.4. The image of the correspondence map 

E;{Y) — > D*{X) 

is contained in D*{X,WF{K)x)- Moreover, if S nWF' {K)y = 0, then there 
exists one and only one extension to a continuous map 

D*{Y,S) — ^ D*{X,S'), 

where S' = WF{K)x U WF'(A') o S. 

Proof This is gS] theorem 8.2.13. □ 

We are now in a position to state and prove the Poincare lemma for currents 
with fixed wave front set. As usual, we will denote by F the Hodge filtration 
of any Dolbeault complex. 

Theorem 4.5 (Poincare lemma). Let S be any conical subset ofT*XQ. Then 
the natural morphism 

l: {E*{X),F) — > {D*{X,S),F) 
is a filtered quasi-isomorphism. 

Proof. Let K be the Bochncr-Martinelli integral operator on C" x C" . It is the 
operator 

£'P'9(C") — > EP'i^'^iC") 

where k is the Bochner-Martinelli kernel ([21] pag. 383). Thus fc is a differential 
form on C" x C" with singularities only along the diagonal. 
Using the explicit description of k in [21], it can be seen that WF{k) ~ N*Ao, 
the conormal bundle of the diagonal. By theorem 14.41 the operator K defines 
a continuous hnear map from Fc{C", 5) to r(C", 5). This is the key 
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fact that allows us to adapt the proof of the Poincare Lemma for arbitrary 
currents to the case of currents with fixed wave front set. 
We will prove that the sheaf inclusion 

is a filtered quasi-isomorphism. Then the theorem will follow from the fact 
that both are fine sheaves. 

The previous statement is equivalent to the fact that, for any integer p > 0, 
the inclusion 

l: S"^ > ^x,s 

is a quasi-isomorphism. 

Let a; S X, since exactness can be checked at the level of stalks, we need to 
show that 

is a quasi-isomorphism. let [/ be a coordinate neighborhood around x and let 
X €V <ZU he dk relatively compact open subset. 

Let p G C^{U) be a function with compact support such that p \v~ 1- We 
define an operator 

Kp:i^^^'^siU)^S>'xS'(V). 
If T e ^xsiU) and Lp e E*{V) is a test form, then 

Kp{T){^) = {-If+OTipKi^)). 

Hence, using that dK{if) + K{d(p) = (p, and that (p = pip, we have 

{dKpT + KpdT + T){ip) = -T{d{p) A K{p)). 

Observe that, even if the support of p is contained in V , the support of K{ip) 
can be C"; therefore the right hand side of the above equation may be non 
zero. 

We compute 

T{d{p) AK{lp)) [d{p) A [ k{w, z) A ip{w)] 

= t( d{p) Ak{w,z) Aip{w)] . 

Since supp((p) C V and d{p)\v = 0, we can find a number e > such that, 
if II z — w|| < e, then d{p) A k{w,z) A (p{w) = 0. Since the singularities of 
k{w, z) are concentrated on the diagonal, it follows that the differential form 
d{p) A k{w, z) A (piw) is smooth. Therefore, the current in V given by 

ip^rf f d{p)Ak{w,z)Ap^{w)], 
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is the current associated to the smooth differential form {d{p) A fc(w, z)) , 
where the subindex z means that T only acts on the z variable, being w ^ V 
a parameter. This smooth form will be denoted by '^{T). 
Summing up, we have shown that, for any current T G ^^^.(C/) there exists a 
smooth differential form '^{T) e Sf^'^{V) such that 

T\v^ -dKpT - KpdT ~^{T). 

Observe that we can not say that '5 is a quasi-inverse of ix because it depends 
on the choice of p and it is not possible to choose a single p that can be applied 
to all T. Hence it is not a well defined operator at the level of stalks. Let 
now T G ^^*s X closed. It is defined in some neighborhood of a;, say U' . 
Applying the above procedure we find a smooth differential form 4'(r) defined 
on a relatively compact subset of C/', say V' , that is cohomologous to T. Hence 
the map induced by ix in cohomology is surjcctive. Let uj € '^x*x ^'^ closed 
and such that LxUJ = dT for some T S ^x*s~i- assume that uj and T 

are defined is some neighborhood U" of x. Then, on some relatively compact 
subset V" C U" , we have 

Lo\v"^ BT \v"^ --dKpuj - B-^iT). 

Since Kpuj and ^(T) are smooth differential forms wc conclude that the map 
induced by Lx in cohomology is injective. □ 

We will denote by 'D}j{X, S,p) the Deligne complex associated to D*{X, S). 
The following two results are direct consequences of theorem 14.51 

Corollary 4.6. The inclusion V^lX, S,p) — > 'D'^{X,p) induces an isomor- 
phism 

H*iVUX, 5,p))=Hi,.„(X,M(p)). 

Corollary 4.7. (i) Let 77 e 'D^jj{X,p) he a current such that 

dvveVl+\X, S,p), 

then there is a current a G such that r] + d-p a G ^^{X, S,p). 

(ii) Let rj G Ty]^{X, S,p) be a current such that there is a current a G 
'D^^{X,p) with rj — dp a, then there is a current b G T>^^{X, S,p) 
such that rj = dp b. 

□ 

5 Deformation of resolutions 

In this section we will recall the deformation of resolutions based on the Grass- 
mannian graph construction of [1]. We will also recall the Koszul resolution 
associated to a section of a vector bundle. 
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The main theme is that given a bounded complex iJ, of locally free sheaves 
(with some properties) on a complex manifold X, one can construct a bounded 
complex tri(_E*)H. over a certain manifold W. This new manifold has a bira- 
tional map tt: W — > X x P-'^, that is an isomorphism over X x \ {oo}. The 
complex tri(i?H.)* agrees with the original complex over X x {0} and is particu- 
larly simple over 7r~^(X x {oo}). Thus tri(£'H.)* is a deformation of the original 
complex to a simpler one. The two examples we are interested in are: first, 
when the original complex is exact, then W agrees with X x and tri(i!^*)H. 
was defined in 12.51 Its restriction to tt~^{X x {oo}) is split; second, when 
i : Y — > X is a closed immersion of complex manifolds, and is a bounded 
resolution of i^,OY, then W agrees with the deformation to the normal cone of 

Y and the restriction of tri(£',)* to tt~^{X x {oo}) is an extension of a Koszul 
resolution by a split complex. Note that, if we allow singularities, then the 
Grassmannian graph construction is much more general. 

The deformation of resolutions is based on the Grassmannian graph construc- 
tion of [T], and, in the form that we present here, has been developed in [S] and 

m- 

In order to fix notations we first recall the deformation to the normal cone and 
the Koszul resolution associated to the zero section of a vector bundle. 
Let Y ^ X be a closed immersion of complex manifolds, with Y of pure 
codimension n. In the sequel we will use notation 12.21 Let W = Wy/x be the 
blow-up of X X P^ along Y x {oo}. Since Y and X x are manifolds, W 
is also a manifold. The map tt : W — > X x P^ is an isomorphism away from 

Y X {oo}; we will write P for the exceptional divisor of the blow-up. Then 

P = P(iVy/X®iV-)pi®C). 

Thus P can be seen as the projective completion of the vector bundle 
Ny/x ^ ^^/pi- Note that A^oo/pi is trivial although not canonically trivial. 
Nevertheless we can choose to trivialize it by means of the section y G Opi(l). 
Sometimes we will tacitly assume this trivialization and omit A^oo/pi from the 
formulae. 

The map qw ■ W — > P^, obtained by composing tt with the projection q: X x 
pi — ^ pi^ jg fjj^^ foj. t eP^,we have 



X X {t}, if i 7^ oo, 
PUX, ift = oo. 



where X is the blow-up of X along Y, and POX is, at the same time, the 
divisor at oo of P and the exceptional divisor of X. 
Following [B] we will use the following notations 

P 



Y X {coj^^X X 
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i:Y — >X, 

Woo =7r-i(oo) = PUX, 

q: X xP^ — > P^, the projection, 

p: X X — > X, the projection, 

PW = P O TT 

qy: Y xP^ — > P^, the projection, 

Py '■ Y X P^ — > Y, the projection, 

j: Y xP^ — > W the induced map, 
joo ■■ Y X {00} — > P. 

Given any map g : Z — > X xP^, we will denote pz = p° g and qz ~ q° g- For 
instance pp = p o n o f ^ pyy o f = i o ttp, where, in the last equality, we are 
identifying Y with Y x {00}. 

We next recall the construction of the Koszul resolution. Let F be a complex 
manifold and let iV be a rank n vector bundle. Let P = P{N ® C) be the 
projective bundle of lines in C. It is obtained by completing N with the 
divisor at infinity. Let up: P — > Y be the projection and let s: y — > P be 
the zero section. On P there is a tautological short exact sequence 

^ 0{-l) ^ Tr*p{N (S C) — >Q—^0. (5.1) 

The above exact sequence and the inclusion C — > TTp{N S)C) induce a section 
a: Op — > Q that vanishes along the zero section s{Y). By duality we obtain 
a morphism — > Op that induces a long exact sequence 

n 1 

0^/\0^ ...^ /\Q'' -^Op^s^Oy ^0. 
If F is another vector bundle over y, we obtain an exact sequence, 

n 1 

^ /\ Q"" ® T:*pF ...^ /\Q"' ® Tr*pF — ^ ttJF — > s,F 0. (5.2) 

Definition 5.3. The Koszul resolution of s*(F) is the resolution (|5.2p . The 
complex 

n 1 

/\ ® n*pF — ^ . . . — ^ /\ 0'' ® n*pF — ^ n*pF ^ 

will be denoted by K{F,N). When iV is a hermitian vector bundle, the ex- 
act sequence ()5.ip induces a hermitian metric on Q. If, moreover, F is also 
a hermitian vector bundle, all the vector bundles that appear in the Koszul 
resolution have an induced hermitian metric. We will denote by K{F^ N) the 
corresponding complex of hermitian vector bundles. 

In particular, we shall write K{Oy,N) if F = Oy is endowed with the trivial 
metric ||1|| = 1, unless expressly stated otherwise. 
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Wc finish this section by recalfing the results about deformation of resokitions 
that will be used in the sequel. For more details see [1] II. 1, [6] Section 4 (c) 
and HO] Section 1. 

Theorem 5.4. Let i : Y ^ X he a closed immersion of complex manifolds, 
where Y may be empty. Let U ~ X \ Y . Let F be a vector bundle over Y and 
— > i^F — > be a resolution ofi^fF. Then there exists a complex manifold 
W = W{E^), called the Grassmannian graph construction, with a birational 
map TT : W — > X x P-'^ and a complex of vector bundles, tri over W such 

that 

(i) The map n is an isomorphism away from Y x {oo}. The restriction of 
tri(£'*)» to X X (F^ \ {oo}) is isomorphic to plyEt. restricted to X x 
\ {oo}). Moreover, If X is the Zariski closure of U x {oo} inside W, 
the restriction of tTilE^)^, to X is split acyclic. In particular, if Y is 
empty or F is the zero vector bundle, hence E^ is acyclic in the whole X , 
then W = X x'¥^ and tri (£',), is the first transgression exact sequence 
introduced in \2.5\ 

(ii) When Y is non-empty and F is a non-zero vector bundle over Y , then 
W{Etf) agrees with Wy/Xj deformation to the normal cone of Y . 
Moreover, there is an exact sequence of resolutions on P 

^ A, ^ tri(S,), \p ^ K{F, Ny/x ® ^oo/pO ^ « , 



^ {joc)*F ^ {joo)*F 

where A^, is split acyclic and K{F,Ny/x -^oo/pi) Koszul resolu- 

tion. 

(Hi) Let f: X' — > X be a morphism of complex manifolds and assume that 
we are in one of the following cases: 

(a) The map f is smooth. 

(b) The map f is arbitrary and E^ is acyclic. 

(c) f is transverse to Y. 

Then E^ := f*{E^:) is exact over f^^{U), 

W := W{El) = W xX', 

with fw'- W — > W the induced map, and we have f^(tTi{E^)^) = 
tri (/*(£;,)),. 
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(iv) If the vector bundles Ei are provided with hermitian metrics, then one 
can choose a hermitian metric on tri(i?*)<, such that its restriction to 
X X {0} is isometric to and the restriction to U x {00} is orthogo- 
nally split. We will denote by tri(i?*)* the complex tri with such 
a choice of hermitian metrics. Moreover, this choice of metrics can be 
made functorial. That is, if f is a map as in item (Hi), then 



Proof. The case when i?* is acychc has already been treated. For the case 
when Y is non-empty and F is non zero, we first recall the construction of the 
Grassmannian graph of an arbitrary complex from [20] , which is more general 
than what we need here. If _B is a vector bundle over X we will denote by E{i) 
the vector bundle over X x given by E{i) = p*E (g) q*0{i). 
Let C* be the complex of locally free sheaves given by Ci = Ei{i) ® — 1) 

with differential given by d{a,b) ~ (&, 0). On X x (P^ \ {00}) we consider, 
for each i, the inclusion of vector bundles 7^ : Ej ^ Ci given by s 1 — > (s 
y', ds Let G be the product of the Grassmann bundles Gr{ni,Ci) 

that parametrize rank Ui = rk Ei subbundles of Ci over X xF^. The inclusion 
7* : ^ Ei — > Ci induces a section s of G over X x A^. 
Then W{E^,) is defined to be the closure of s{X x A^) in C. Since the projection 
from G to X X P^ is proper, the same is true for the induced map it : W — !■ 
X xF^. For each i, the induced map W — > Gr{ni,Ci) defines a subbundle 
tri(£'*)i of 7r*Gi. This subbundle agrees with Ei over X x A^. The differential 
of G* induces a differential on tri(_B*),. 

Assume now that the bundles Ei are provided with hermitian metrics. Us- 
ing the Fubini-Study metric of 0(1) we obtain induced metrics on Ci. Over 
Tr~^{X X (P^ \ {00})) we induce a metric on tri(£'*)i by means of the identifi- 
cation with Ei. Over Tr~^{X x (P^ \ {0})) we consider on tri(£'*)i the metric 
induced by Ci. We glue together both metrics with the partition of unity 
{ctojCToo} of notation 12.21 

In the case we are interested there is a more explicit description of tri(i?*)* 
given in [6] Section 4 (c). Namely, tri(i?*)i is the kernel of the morphism 

4>- P*wCi = p*wEi{i) ® p*wEr-i{i - 1) — > p*wEi.i{i)®p*wEi_2{i-'^) (5.5) 
given by (f){s, t) = [ds — t ® y,At). 

The only statements that are not explicitly proved in [B] Section 4 (c) or [50] 
Section 1 are the functoriality when / is not smooth and the properties of the 
explicit choice of metrics. 

If the complex E^, is acyclic, then the same is true for E'^ = f*E^,. In this 
case W = X xF'^ and W = X' xF'^. Then the functoriality follows from the 
definition of tri(£',),. 
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Assume now that we are in case (iii)c We can form the Cartesian square 



Y ^X 



where i' is also a closed immersion of complex manifolds. Then we have that 
E'^ is a resolution of i't.g*F. Hence W = W{E'^) is the deformation to the 
normal cone of Y' and therefore W' = W x X' . Again the functoriality of 

X 

tri (£■*), can be checked using the explicit construction of [20] Section 1 that 
wc have recalled above. □ 

Remark 5.6. (i) The definition of tri(£'*) can be extended to any bounded 
chain complex over a integral scheme (see [20]). 

(ii) There is a sign difference in the definition of the inclusion 7 used in [5D] 
and the one used in [5]. We have followed the signs of the first reference. 



6 Singular Bott-Chern classes 

Throughout this section we will use notation 11.31 In particular we will write 

■Dl{X,p) = V^{X,p)/dT,Vl-\X,p), 
Vl {X, S, p) = VI {X, S, p)l dp vi~\x, S, p). 

A particularly important current is Wi G V^fi^^, 1) given by 

w, = f^\og\\tr]. (6.1) 

With the above convention, this means that 

Wi{v) = ^. I ^\og\\tf*V- (6.2) 

By the Poincare-Lelong equation 

dvWi^5^-5Q. (6.3) 

Note that the current Wi was used in the construction of Bott-Chern classes 
(definition 12. lip and will also have a role in the definition of singular Bott- 
Chern classes. 

Before defining singular Bott-Chern classes we need to define the objects that 
give rise to them. 
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Definition 6.4. Let i: Y — > X be a closed immersion of complex manifolds. 
Let N be the normal bundle of Y and let /ijv be a hermitian metric on N. 
We denote N ~ {N^Hn). Let ta? be the rank of N, that agrees with the 
codimension of y in X. Let F = {F, hp) he a. hermitian vector bundle on Y of 
rank rp. Let E^, — > i^F be a metric on the coherent sheaf i^F. The four-tuple 

1={2,N,F,E.,). (6.5) 

is called a hermitian embedded vector bundle. The number rp will be called 
the rank of ^ and the number r^r will be called the codimension of ^. 
By convention, any exact complex of hermitian vector bundles on X will be 
considered a hermitian embedded vector bundle of any rank and codimension. 

Obviously, to any hermitian embedded vector bundle we can associate the 
metrized coherent sheaf {itF,E^, — > i^,F). 

Definition 6.6. A singular Bott-Chern class for a hermitian embedded vector 
bundle is a class rj g ®pT^^^^iX,p) such that 

n 

dv V = Y.^~mchm] ~ t4[Td-\N) ch(F)]) (6.7) 

i=0 

for any current rj G ij. 

The existence of this class is guaranteed by the Grothendieck-Riemann-Roch 
theorem, which implies that the two currents in the right hand side of equation 
(|6.7p are cohomologous. 

Even if we have defined singular Bott-Chern classes as classes of currents with 
arbitrary singularities, it is an important observation that in each singular 
Bott-Chern class we can find representatives with controlled singularities. Let 
be the conormal bundle of Y with the zero section deleted. It is a closed 
conical subset of Tq{X). Since the current 

n 

Y,{-inchm]-i4[Td-\N)ch(F)]) 

i=0 

n 

= ^(-l)'[ch(:E,)] - Td-\N)cHF)SY 

i=0 

belongs to 'D'^{X, Np ^,p), by corollarv 14.71 we obtain 

Proposition 6.8. LetS^ = [i, N , F, E^) be a hermitian embedded vector bundle 
as before. Then any singular Bott-Chern class for ^ belongs to the subset 

p p 

□ 
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This result will allow us to define inverse images of singular Bott-Chern classes 
for certain maps. 

Let / : X' — X be a morphism of complex manifolds that is transverse to Y. 
We form the Cartesian square 

Y'^^X' ■ 

9 f 
Y^^X 

Observe that, by the transversality hypothesis, the normal bundle to Y' on X' 
is the inverse image of the normal bundle to K on X and is a resolution 

of i'^g*F. Thus we write /*J = {i' , f* N , g* F, f* E^,), which is a hermitian 
embedded vector bundle. 

By proposition 16.81 given any singular Bott-Chern class rj for ^, we can find 
a representative 77 G ^^V^^^ {X, Np^^p). By theorem 14.31 there is a well 
defined current f*ri and it is a singular Bott-Chern current for f*^. Therefore 

we can define f*{'rf) = f*{'i]). Again by theorem l4.31 this class does not depend 
on the choice of the representative rj. 

Our next objective is to study the possible definitions of functorial singular 
Bott-Chern classes. 

Definition 6.9. Let rp and be two integers. A theory of singular Bott- 
Chern classes of rank rp and codimension r^q is an assignment which, to each 
hermitian embedded vector bundle ^ = (z : y — > X, N, F, E^,) of rank rp and 
codimension rjv, assigns a class of currents 

me^v'^-\x,p) 
p 

satisfying the following properties 

(i) (Differential equation) The following equality holds 

dv m = ^(-l)^[ch(E,)] - **([Td-i(7V) ch(F)]). (6.10) 

i 

(ii) (Functoriality) For every morphism / : X' — > X of complex manifolds 
that is transverse to Y, then 

f*T{0 - T(/t). 

(iii) (Normalization) Let A ~ (A*, (7*) be a non- negatively graded orthog- 
onally split complex of vector bundles. Write ^ © ^ = {i: Y — > 
X,N,F,E^ ©A). Then_r(^) = T{l(S_A). Moreover, if X = SpecC 
is one point, F = and E* = 0, then T{^) = 0. 
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A theory of singular Bott-Chern classes is an assignment as before, for all 
positive integers rp and rM- When the inclusion i and the bundles F and N 
are clear from the context, we will denote 'r(^) by T{E^). Sometimes we will 
have to restrict ourselves to complex algebraic manifolds and algebraic vector 
bundles. In this case we will talk of theory of singular Bott-Chern classes for 
algebraic vector bundles. 

Remark 6.11. (i) Recall that the case when F = and E^, is any bounded 
exact sequence of hcrmitian vector bundles is considered a hermitian em- 
bedded vector bundle of arbitrary rank. In this case, the properties above 
imply that 

where ch is the Bott-Chern class associated to the Chern character. That 
is, for acyclic complexes, any theory of singular Bott-Chern classes agrees 
with the Bott-Chern classes associated to the Chern character. 

(ii) If the map / is transverse to Y, then either f^^{Y) is empty or it has the 
same codimension as Y. Moreover, it is clear that f*F has the same rank 
as F. Therefore, the properties of singular Bott-Chern classes do not mix 
rank or codimension. This is why we have defined singular Bott-Chern 
classes for a particular rank and codimension. 

(iii) By contrast with the case of Bott-Chern classes, the properties above are 
not enough to characterize singular Bott-Chern classes. 

For the rest of this section we will assume the existence of a theory of singular 
Bott-Chern classes and we will obtain some consequences of the definition. 
We start with the compatibility of singular Bott-Chern classes with exact se- 
quences and Bott-Chern classes. 
Let 

X: 0— >F„ ^ ... ^0 (6.12) 

be a bounded exact sequence of hcrmitian vector bundles on Y. For j = 
0, . . . , n, let Ej^r — > be a resolution, and assume that they fit in a com- 
mutative diagram 

En,* ^ • • ■ ^ El,* ^ Fq „ ^ , 

*- i*Fn ^ • • ■ *- i*Fi ^ i*Fo *- 

with exact rows. We write £,j = {i: Y — > X, N, Fj, Ej,*). For each k, we 
denote by rjf. the exact sequence 

— ^ EnM . . . ^ Fi,fc Eo,k ^ 0. 
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Proposition 6.13. With the above notations, the following equation holds: 

] even j odd k 



j odd 



Here the direct sum of hermitian embedded vector bundles, involving the same 
embedding and the same hermitian normal bundle, is defined in the obvious 
manner. 

Proof. We consider the construction of theorem 15.41 for each of the exact se- 
quences rj^. and the exact sequence x- For each fc, we have Wx '■= Wirjj?) = 
X X and we denote Wy '■= W{x) = y x P^. On Wy we consider the 
transgression exact sequence tri(x)* and on Wx we consider the transgression 
exact sequences tri(7/fe)*. We denote by j : Wy — > Wx the induced morphism. 
Then there is an exact sequence (of exact sequences) 



tri(77i)* — tri(77o). 



3* tri(x)* 



0. 



We denote 



and 



tri(x)- 
tri(?7fc)- 



tri(C)H 



tri(x)„ 

even 

tri(^^^)j. 



J even 

(j: Wy 
{j: Wy 



tri(x)- = tri(x)j, 

j odd 

tri(?7fc)- = ^ri{7]k)j 

j odd 



W^x , iV, tri , tri (?7 J + ) , 
Wx,P*yN,tn{x)-,tn{ri,)-), 



where here py : Wy — > Y denotes the projection. 

We consider the current on X x P^ given by Wi • (r(tri(^)_|-) — r(tri(^)_)). 
This current is well defined because the wave front set of Wi is the conormal 
bundle of {X x {0}) U {X x {oo}), whereas the wave front set of T(tri(^)±) is 
the conormal bundle of F x P^ . 

By the functoriality of the transgression exact sequences, we obtain that 



tri(0+ Ux{0}= tri(0- 



Ux{o}- 

j odd 



Moreover, using the fact that, for any bounded acyclic complex of hermitian 
vector bundles the exact sequence tri(i?H,) |xx{oo} is orthogonally split, we 
have an isometry 

tri(0+ Ux{oo}= tri(^)_ |xx{oo} • 



We now denote by px ■ Wx _ _ 

fine a theory of singular Bott-Cliern classes, in the group ^^V^'^^X, Nyg^p), 



X the projection. Using the properties that de- 



DocuMENTA Mathematica 15 (2010) 73-176 



Singular Bott-Chern Classes 



121 



the following holds 

= dvipx)* {Wi . r(tri©+) - Wi . r(tri(e)-)) 

= (T(tri©+) - T(tri(0-)) |a-x{oo} - (T(tri(0 + ) - T(tri(0-)) Ux{o} 

- iPx)* • (cMtri(%)+) - ch(tri(fyfe)_)) 

fe 

+ (Px)* {Wi.j, [Td-i(p;.7V)ch(tri(x)+) - Td-'{p*yN)chitn{x)-)]) 
= + n ?,) + ^(-l)^[ch(^fe)] - i4Td-\N) . ch(x)], 

j even J odd 

which implies the proposition. □ 

The following result is a consequence of proposition 16.131 and theorem 12.241 

Corollary 6.14. Let Y — > X be a closed immersion of complex manifolds. 
Letx be an exact sequence of hermitian vector bundles on Y as (|6.12p . For each 
j, let S^j = {i: Y — > X, N, Fj , Ej^^,) be a hermitian embedded vector bundle. 
We denote by e the induced exact sequence of metrized coherent sheaves. Then 

n I,) - r( I,) - [ch(£)] - z,([Td-i(lV)ch(x)]). 

j even j odd 

□ 

We now study the effect of changing the metric of the normal bundle N . 

Proposition 6.15. Let = {i, Nq, F, be a hermitian embedded vector 
bundle, where Nq = {N,ho). Let hi be another metric in the vector bundle N 
and write = {N, hi), = {i,lVi,F,E^). Then 

TiIo)-T{Ii)^ -i* [Td-\N, ho, hi) ch(F)] . 

Proof. The proof is completely analogous to the proof of proposition 16.131 □ 

We now study the case when Y is the zero section of a completed vector bundle. 
Let F and N be hermitian vector bundles over Y. We denote P = P{N C), 
the projective bundle of lines in © Oy ■ Let s : Y — > P denote the zero 
section and let irp : P — > Y denote the projection. Let K{F, N) be the Koszul 
resolution of definition 15.31 Wc will use the notations before this definition. 
The following result is due to Bismut, Gillet and Soulc for the particular choice 
of singular Bott-Chern classes defined in [6]. 

Theorem 6.16. Let T be a theory of singular Bott-Chern classes of rank 
rp and codimension rpf. Let Y be a complex manifold and let F and N be 
hermitian vector bundles of rank rp and rjv respectively. Then the current 
i''^p)*iT{K(F, N))) is closed. Moreover the cohomology class that it represents 
does not depend on the metric of N and F and determines a characteristic 
class for pairs of vector bundles of rank rp and r^. We denote this class by 
Ct{F,N). 
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Proof. Wc have that 

= {TTpUdvT{K(F,N))) 

(r k \ 

^(-l)^[ch(/\0^)7rJ,ch(F)] - ,s,[Td-i(]V)ch(F)] 
fc=o / 
= ((7rp).[c.(Q) Td-\Q)] - [Tcri(iV)])ch(F)). 

Therefore, the fact that the current {np)^{T{K{F,N))) is closed follows from 
corollarv l3.8l The fact that this class is functorial on {Y, N, F) is clear from the 
construction Thus, the fact that it does not depend on the hermitian metrics 
of and F follows from proposition 11.71 □ 

Remark 6.17. By theorem 11.81 we know that, if we restrict ourselves to the 
algebraic category, Ct{F,N) is given by a power series on the Chern classes 
with coefficients in D. By degree reasons 

CTiF,N)e^H'^P~\Y,R{p))- 
p 

Let li e Ptx>i*i 11^(1)) t>e the element determined by the constant function with 
value 1 in T>^{*,1). Then Ct{F, N)/li is a power series in the Chern classes 
of N and F with real coefficients. 

7 Classification of theories of singular Bott-Chern classes 

The aim of this section is to give a complete classification of the possible theories 
of singular Bott-Chern classes. This classification is given in terms of the 
characteristic class Ct introduced in the previous section. 

Theorem 7.1. Letrp andr^ be two positive integers. LetC be a characteristic 
class for pairs of vector bundles of rank rp and r^. Then there exists a unique 
theory Tc of singular Bott-Chern classes of rank rp and codimension r^ such 
that Ctc^C. 

Proof. We first prove the uniqueness. Assume that T is a theory of singular 
Bott-Chern classes such that Cp = C. Let J (i: F — > X,N,F,E*) be a 
hermitian embedded vector bundle as in section^ Let W be the deformation to 
the normal cone of Y. We will use all the notations of section [SJ In particular, 
we will denote by p : X — > X and pp : P — > X the morphisms induced by 
restricting p^/. Recall that pp can be factored as 

P^Y^X. 

The normal vector bundle to the inclusion j : Y x — !• W is isomorphic 
to PyN (g) gyC'(— 1). We provide it with the hermitian metric induced by the 
metric of N and the Fubini-Study metric of 0{—l) and we denote it by n' . 
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By theorem 15.41 wc have a complex of hermitian veetor bundles, tri such 
that the restriction tri(i?*)*|xx{o} is isometric to E^, the restriction tri(£', )»| ^ 
is orthogonally split and there is an exact sequence on P 

O^A, -^tTi{E,)4p K{F,N) — ^0, 

where A» is split acyclic and K{F,N) is the Koszul resolution. Recall that 
we have trivialized N^^^^ by means of the section y of C'pi(l). We choose a 
hermitian metric in every bundle of such that it becomes orthogonally split. 
For each k we will denote by rji. the exact sequence of hermitian vector bundles 

O^Ak^ tTi(E,)k\p K(F,N)k — > 0. (7.2) 

Observe that the current Wi is defined as the current associated to a locally 
intcgrable differential form. The pull-back of this form to W is also locally 
integrable. Therefore it defines a current on W that we also denote by Wi. 
Moreover, since the wave front sets of Wi and of T(tri(iJ*)*) are disjoint, 
there is a wcU defined current Wi • T(tri(_B*)*). Then, using the properties of 
singular Bott-Chern classes in definition 16. 9[ the equality 

= dvipw)* {Wi . T(tri(;E,)*)) 

- (Pw)* (wi . |^^(-l)^ch(tri(;B,),) - ij,ich{p*YF)Td-\N')) 

holds m the group 0^, P^^-i (x, fc). By properties and [gl^Tiii) 

T(tri(i?,),)|^=T(tri(i?,),|^) = 0. 
By proposition 16 . 1 3l we have 

r(tri(;B,).|p) = T(X(F,7V))-^(-l)'=[ch(7?,)]. 

fc 

Moreover, we have 

{pp),{T{K(F,N))) = i,{7:p),{T{K(F,N))) = i,Ct{F,N). 

By the definition of N' and the choice of its metric, there are two differential 
forms a, 6 on y, such that 

ch{p*YF)Td-\N')=p*y{a)+p*y{b)Aq;.{c,{0{-l))). 

We denote lj = — ci(C'(— 1)). By the properties of the Fubini-Study metric, uj 
is invariant under the involution of that sends t to 1/t. Then 

{pw)* {Wi . {j,{chip^F)Td-\N'))^ = u{py)*{Wi . ip*Ya + pl^bu)) = 
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because the current Wi changes sign under the involution 1 1 — > 1 /t. 
Summing up, we have obtained the equation 

Til) - -iPw)* (^E(-l)'^i • di{tri(E,)k)j 

-J2i-^)'iPp)*fHVk)]+^*CTiF,N). (7.3) 



Hence the singular Bott-Chern class is characterized by the properties of defi- 
nition [6i9] and the characteristic class Ct- 

In order to prove the existence of a theory of singular Bott-Chern classes, we 
use equation (17.31) to define a class Tc{£,) as follows. 

Definition 7.4. Let C be a characteristic class for pairs of vector bundles of 
rank rp and rjv as in theorem 17.11 Let ^ = {i:Y — > X,N,F,E^) be as in 
definition 16.91 Let tri(i?*)» and rj^ be as in (17.21) . Then we define 



k 



\ k 

^J2i-l)\pp)Avk)]+^*CiF,N). (7.5) 

k 

We have to prove that this definition does not depend on the choice of the metric 
of tri(£'*)» or the metric of that Tc satisfies the properties of definition 
16.91 and that the characteristic class Ctc agrees with C. 

First we prove the independence from the metrics. We denote by hk the her- 
mitian metric on tri(£'*)fc and by gk the hermitian metric on Ak. Let h'j^ and 
g'l^ be another choice of metrics satisfying also that {A^,,gl) is orthogonally 
split, that {tii{E^,)k,h'i^)\xx{o} is isometric to Ek and that {tii{E^,)k, h'/,)]^ is 
orthogonally split. We denote by ryj, the exact sequence rjk provided with the 
metrics g' and h' . Then, in the group ^p'D^^^^iX^p), we have 

^(-l)'=(pp)4ch(^,)] -5](-l)'=(pp)*[ch(77',)] = 

k k 

Y,{-l)\pp). [c\i{Ak,gk,g'k)\ - Y.^-^^^^PP)* [cMtri(^*)fe|p,/ifc,4) 

k k 

(7.6) 

Observe that the first term of the right hand side vanishes due to the hypothesis 
of A* being orthogonally split for both metrics. 
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Moreover, we also have, 

iPw)* |^^(-l)'Wi.ch(tri(£;,)fe,/4)^ = 

(pw)* (^{-l)''Wi>dvch{tTi{E,)k,hk,K)^ . (7.7) 
But, in the group ®p&P~\X,p), 

E(-l)'(^'^)4ch(tri(i?.)fe, hk, hi)]\^ 

k 

+ Y,i-l)'^ippUchitT,iE,)k,hk,K)]\p) 

k 

-E(-l)'^[ch(tri(i?,),,/jfc,/i;,J]U,{0}- (7.8) 
fc 

The last term of the right hand side vanishes because the metrics hk and h'^. 
agree when restricted to X x {0} and the first term vanishes by the hypothesis 
that tri(i?*)*|j^ is orthogonally split with both metrics. Combining equations 
(|7.6p , (j7.7p and (|7.8p we obtain that the right hand side of equation (|7.5p does 
not depend on the choice of metrics. 

We next prove the property (i) of definition 16.91 We compute 

dv Tc(0 = - ^(-1)'' {(Px)* chitn(E,)k\x) + (pp)* chitn(E,)k\p)) 

k 

+ E(-l)'=ch(tri(E,)fc|xx{o}) 

k 

- Y.{-l)\pp). (ch(A,) + c\,{K{F,N)k) - ch(tri(E,),|p)) . 
fc 

Using that A* and that tri(i?*)*|j^ are orthogonally split and coroUarv 13.81 we 
obtain 

dpTc(e) = Y.^-lf c\i(Ek) - Y,{-lf{pp). ch{K(F,N)k) 

k k 

= Y^i^incHEk)] ippUcriQ)Td-\Q)] 

k 

= Y,{-inch(Ek)]-i4cHF)Td~\N)]. 
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We now prove the normalization property. We consider first the case when 
Y — $ and is a non-negatively graded orthogonany spht complex. We 
denote by 

K^=KeT{d^■. 1) 
with the induced metric. By hypothesis there are isometries 

Under these isometries, the differential is d{s,t) = (i,0). Following the explicit 
construction of tri(i?») given in [20], recalled in definition 12.51 we see that 

tri(£;,), = p*K, (g) q*0{i)®p*K,^i ® q*0{i - 1) = K,{i) ® K,_i{i - 1). 

Moreover, we can induce a metric on tri(i<^^,)H< satisfying the hypothesis of 
definition 12.91 by means of the metric of the bundles Ki and the Fubini-Study 
metric on the bundles 0{i). It is clear that the second and third terms of the 
right hand side of equation ()7.3|) are zero. For the first term we have 

k 

= (Pw)* |^^(-l)''Wi.ch(i?fe(fc)©l?fc_i(fc-l))j 
= (pw)* {Wi •{a + bAuj)), 

where lu is the Fubini-Study (l,l)-form on and a,b are inverse images of 
differential forms on X. Therefore we obtain that Tc{E^) = 0. 
Now let ^ = (i: y — > X,N,F,E^,) and let be a non-negatively graded 
orthogonally split complex of vector bundles. By [20] section 1.1, we have that 
W{E^ ffi B*) = W{E^) and that 

tri(£'* © B^) = tri{E^) © n* tri(B*). 

In order to compute Tc{£,), we have to consider the exact sequences of hermitian 
vector bundles over P 

rj^: ~^Ak ^ tri(E,)k\p ^ K(F,N),, 0, 

whereas, in order to compute Tc{£, © i?*), we consider the sequences 

Ak(ST:*{tri(B)k)\p tTi(E,)k®T:* {tTi(B)k)\p K(F,N)k 0. 
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By the additivity of Bott-Chcrn classes, we have that ch(77;.) = ch{ri',^). There- 
fore 

Toil (BB,)^ Toil) = ~{pw)* |^^(-l)^VKi .ch(tri(;B, ® SOfc)^ 

+ {pw)* (^(-l)''M^i.ch(tri(E,)fc) ) 



<Pw)* (^(-l)'^VFi.ch(tri(B,);,) 

\ k J 



= 0. 

The proof of the functoriahty is left to the reader. 

Finally we prove that Ctc = C . Let F be a complex manifold and let F and N 
be two hermitian vector bundles. We write X = V{N ® C). Let i : Y — > X be 
the inclusion given by the zero section and let ttx '■ X — > Y be the projection. 
On X we have the tautological exact sequence 

— ^ 0{-l) 7T*xiN®C) — >Q — ^ 

and the Koszul resolution, denoted K{F,N). We denote 

I = {t: Y ^ X,N,F,K(F,N)). 

Using the definition of Tc, that is, equation (|7.5|) . and the fact that Tq satisfies 
the properties of dcfinition l6.91 hence equation (j7.3p is satisfied, we obtain that 

Applying (ttx)* we obtain that C{F,N) = Ctc{Fi^) which finishes the proof 
of theorem □ 



8 Transitivity and projection formula 



We now investigate how different properties of the characteristic class Ct are 
reflected in the corresponding theory of singular Bott-Chern classes. 

Proposition 8.1. Let i: Y ^ X be a closed immersion of complex manifolds. 
Let F be a hermitian vector bundle on Y and G a hermitian vector bundle on 
X. Let N denote the normal bundle to Y provided with a hermitian metric. 
Let be a finite resolution of i^F by hermitian vector bundles. We denote 
1= {i:Y — > X,N,F,E^) and^^G = {i: Y — > X ,N ,F (g) i*G ,E ^ (g) G) . 
Then 

r(J® G) - r© . ch(G) = i^GriF ®i*G,N))^ i4Gt{F,N)) • ch(G). 
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Proof. Since the construction of tri(i?*)* is local on X and Y and compatible 
with finite sums, we have that 

W{E,)^ W{E, (g)G), tri(E^(g)G),^ tri(E,), p^yG. 

We first compute 

(pw)* . ch(tri(:E, ® G),)^ 

= (Pw)* ||^(-l)'=W^i .ch(tri(E,)*)p^ch(G)j 

= (Pw)* (^E(-l)'^i • di(tri(^*)*)j ch(G). (8.2) 

The Koszul resolution of ® i*G) is given by 

K{F ® i*G, N) = K{F, N) ® p*pG. 
For each fc > 0, we will denote by 77^. ® p*pG the exact sequence 

'Ak®p*pG tYi(E,®G)k\p K(F,N)k(E)p*pG 0. 
Then, we have 

{pp)4cHr],®p*pG)] = (pp)4ch(77,).pJ,ch(G)] = (pp), [ch(77,)] . ch(G) (8.3) 



Thus the proposition follows from equation (j8.2p . equation (|8.3p and formula 
(1731) . □ 

Definition 8.4. We will say that a theory of singular Bott-Chern classes is 
compatible with the projection formula if, whenever we are in the situation of 
proposition 18.11 the following equality holds: 

T(C®G) =T(0»ch(G). 

We will say that a characteristic class G (of pairs of vector bundles) is compatible 
with the projection formula if it satisfies 

G(F, N) = G{Oy,N) • ch(i^). 

Corollary 8.5. A theory of singular Bott-Chern classes T is compatible with 
the projection formula if and only if it is the case for the associated character- 
istic class Gt- 
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Proof. Assume that Ct is compatible with the projection formula and that we 
are in the situation of proposition 18. II Then 

uCTiF(E)i*G,N)) = i^{CT{OY,N)»ch{F ®i*G)) 
= i,{CT{OY,N) • ch{F)i* ch(G)) 
= i,{CT{OY,N) • ch(F)) ch(G) 

Thus, by proposition 18. 11 T is compatible with the projection formula. 
Assume that T is compatible with the projection formula. Let F and N be 
hermitian vector bundles over a complex manifold Y. Let s : Y ^ P := P(A'^© 
C) be the zero section and let tt : P — > Y be the projection. Then 

Ct{F,N)=7t4T{K(F,N))) 

= tt,{T{K(Oy,N) (g) Tr*F)) 
= tt,{T{K(Oy,N)) • TT* ch(F)) 
= tt,{T{K(Oy,N))) • ch{F) 
= CT{OY,N)»ch{F). 

□ 

We will next investigate the relationship between singular Bott-Chern classes 
and compositions of closed immersions. Thus, let 




be a composition of closed immersions. Assume that the normal bundles Ny/xi 
Nx/M ^-nd Ny/m ^-rc provided with hermitian metrics. We will denote by e 
the exact sequence 

e: Ny/x ^ Ny/m ^ i*y/xNx/m ^ 0. (8.6) 

Let Px/M — ^{Nx/M ffi C) be the projective completion of the normal cone to 
X in M. Then there is an isomorphism 

^y/Px/M - Ny/x © i*Y/xNx/M- (8.7) 

We denote by -/Vy/Pj^/u the vector bundle on the left hand side with the her- 
mitian metric induced by the isomorphism ()8.7|) . 

Let F be a hermitian vector bundle over Y, let iJ* — {iY/x)*F be a resolution 
by hermitian vector bundles. Let ^ be a complex of complexes of vector 
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bundles over M, such that, for each A: > 0, s'^,^ — > {ix/M)*Ek is a resolution, 
and there is a commutative diagram of resolutions 

■ • ■ ^ E'k+i,* ^ E'k,* ^ E'k-i,* ^ ■ ■ ■ ■ 



■ • ■ ^ {'ix/M)*Ek+i ^ {ix/M)*Ek {ix/M)*Ek~i ^ • ■ • 

It follows that we have a resolution Tot(i?^ ^) — > {iY/M)*E of {iY/M)*F by 
hcrmitian vector bundles. 

Notation 8.8. We wih denote 

{iY/x,NY/x,F,E,), 

(«y/Af,iVy/M,F,Tot(X,*)), 
(ix/M , Nx/M , Ek, E,^ ,,). 

We will also denote by ^y^p^^^^ the hermitian embedded vector bundle 

(y ^ Px/M,NY/p^,,nE,T^oi{Ti*p^^^ E^ ® K{Ox,Nx/m))) ■ 

Let r be a theory of singular Bott-Chern classes, and let Ct be its associ- 
ated characteristic class. Our aim now is to relate T{£^y^x)i ^{^y^m) ^-^^ 

'E(,ix-^M,k)- 

Let Wx be the deformation to the normal cone of X in Af. As before we denote 
by jx'- X X — > Wx the inclusion. 

We denote by W the deformation to the normal cone of jxiX x P^) in Wx- 
This double deformation is represented in figure [T] There is a proper map 
qw '■ W — > X P^ . The fibers of qw over the corners of P^ x P^ are as 
follows: 

q^\^, 0) = Mx X {0} U Px/M, 
g^l(0,Oo)-MyUPy/M, 

q^\oo,oo) = Mx X {oo} U Px/m U ^V/p,,/„, 

where Mx and Afy are the blow-up of M along X and Y respectively, Py/m = 
F{Ny/m ffl C) is the projective completion of the normal cone to Y in M, 
Py/Px/m normal cone to Y in Px/m and Px/m is the blow-up of Px/m 
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My 



Y/M I 
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Wx 



Wx 



Pyx pi 

Mx X {0}( 



P 



X/M 



[ Mx X {00} 



XjM 



Y/Px 











/(0,oo) 
/ ^ 


/( 



(00, 00) 



w 



tl X pi 



(0,0) 



(00,0) 

Figure 1: Double deformation 



along Y . The preimages by tt of the different faces of x are as follows: 

g^i(pi X {00}) = W^xUPyxPi, 
Qwii^} X Pi) = Mx X Pi U Wy,p, 

where Wy is the deformation to the normal cone of Y in M, the component 
Wx is the blow-up of Wx along jx x ) , while Py xpi = xpi /Wx®^) 
is the projective completion of the normal cone to jxiX x P^) in Wx and 
Wy/p is the deformation to the normal cone of Y inside Px/m- All the above 
subvarieties will be called boundary components of W . 
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We will use the following notations for the different maps. 



px ■■ X X — 


-> X 




py. Y xP^ — > Y 


PY^pi : y X pi 


X pi — s 


■YxF^ 


PMx^r^-Mx-><^^ 


PWy/p ■ Wy/P 


— > M 




PWy ■ — > M 


PWx '■ > 


M 




PPy^^ri ■ PyxF^ > M 


Pwx ■ 


M 






PPx/M ■ Px/M - 


— > M 






PPy/m ■ Py/m - 


M 




pw-W — > M 


jy-.YxP^ 


> Wy 




j'y-.YxP^ ^ Wx 


jyxpi : r X 


X pi — > 


W 


^YjPxiM ■ ^ ^ Px/M 


T^Px/M ■ Px/M - 


X 




t^Py/m ■ Py/m — > Y 


TTp^/p : Py/Px/M — ^ ^ 




■■ Pyxf^ -^YxP' 




M 







Note that the map Pjj^xpi factors through the blow-up Mx — > M and the 
map P^Y^ factors through the blow-up My — > M, whereas the maps PWy/pj 
PPx/m ^^'i PPx/M through the inclusion X ^ M and the maps pp^^^i , 

PPy,,, and PPy,„ factor through the inclusion Y ^ M. 
The normal bundle to X x in Wx is isomorphic to PxNx/M'^<lx^i~^) 
we consider on it the metric induced by the metric on N x/m and the Fubini- 
Study metric on ©(—I). We denote it by N xy.r^ /Wx- "^he normal bundle to 
Y xP^ in Wx satisfies 

NYxr^/Wx\Y><{f)} — Xfy/M 
XyxV^/Wx |yx{oo} — Ny/x © iy/x^X/M- 

On iVyxpi /\Y-^ we choose a hermitian metric such that the above isomorphisms 
are isometries. Finally, on the normal bundle to F x P^ x P^ in W , we define a 
metric using the same procedure as the definition of the metric of N xy.^^ /Wx ■ 
On Wx wc obtain a sequence of resolutions tri(i?'),i — > {jx)*P*xP'n- They 
form a complex of complexes tri(iJ )*^* and the associated total complex 
Tot(tri(_E )*^*) provides us with a resolution 

Tot(tri(;B%,,)* {fy)*P*yF. (8.9) 

The restriction of Tot(tri(i?')* ,j) to M is Tot(i?'^ ^). The restriction of each 
complex tri(i?')„ „ to Mx x {0} is orthogonally split. Therefore the restriction 
of Tot(tri(i? )) to Mx X {0} is the total complex of a complex of orthogonally 
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split complexes. So it is acyclic although not necessarily orthogonally split. 
The restriction of each complex tri(_B )„ „ to Px/m fits in an exact sequence 

iYi{E')r,Ap^,M ^Px/M^» ^ K(Ox,Nx/m)* 0. 

These exact sequences glue together giving a commutative diagram 

Tot(A,0^ Tot(tri(E'),,,|p,,,J Tot(7r|,^.^^^S, ® K(Ox,Nx/m)*) 

where the rows are short exact sequences. Even if the complexes {An)* are 
orthogonally split, this is not necessarily the case for Tot(yl* „). To ease the 
notation we will denote A* = Tot(yl, „). 

Applying theorem l5.4l to the resolution (|8.9p . we obtain a complex of hermitian 
vector bundles E'^ — tri(Tot(tri(i? )*.*)) which is a resolution of the coherent 
sheaf UYxr^)*PYxpiPYF. 

We now study the restriction of E'^ to each of the boundary components of W. 

• The restriction of E'^ to Wx is just Tot(tri(i? )) which has already been 
described. For each fc > 0, we will denote by rjl the short exact sequence 
of hermitian vector bundles on Px/m 

Ak^ Tot(tri(E'),,,|p,,,Jfe Tot{7r*p^^^^^E®K{Ox,Nx/M))k , 

whereas, for each n, k > we will denote by rj^ f, the short exact sequence 

An,k^ ^tri{E')n,k\PK,M ^^*P^j,En®K{Ox,Nx/M)k . 

• Its restriction to Wy is tri(Tot(i? )). It is a resolution of OV)*Py-F. Its 
restriction to Ady is orthogonally split, whereas its restriction to Py/M 
fits in an exact sequence 

Q^B*^ tri(Tot(;B')),|p,^„ TT*P^^^ F®K{Oy,Ny/M) ~^ 0. 

For each fc > we will denote by rjj. the degree k piece of the above exact 
sequence. 

• Its restriction to Mx x is an acyclic complex, such that its further 
restriction to Mx x {0} is acyclic and its restriction to Mx x {oo} is 
orthogonally split. 
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Its restriction to Wy/p fits in a short exact sequence 
^ tri(A,) ^ K\w^^^ ^ tniTotiTT*p^^^^E ® KiOx,Nx/M))) ^ 0. 

For each fc > 0, we will denote by //^ the exact sequence of hermitian 
vector bundles over Wy/p given by the piece of degree k of this exact 
sequence. The three terms of the above exact sequence become orthog- 
onally split when restricted to Px/m- I3y contrast, when restricted to 
Py/p^/^i they fit in a commutative diagram 



tTi{A),\p^.^ C ^E'^\p^,^ ^d'^ 



0^ ^dI -:d: 

where the complexes are orthogonally split, and 

Dl=^*p^.^T®K{Oy,Ny,P^,J, 

dI = tr,{Tot{n*p^^^^E ^ K{Ox,Nx/m)))\p^,,^^^^. 

For each fc > 0, we will denote by r]'^ the exact sequence corresponding 
to the piece of degree k of the second row of the above diagram, by rif, 
that of the second column and by rj^ that of the third column. Notice 
that the map in the third row is an isometry. We assume that the metric 
on Cl is chosen in such a way that the first column is an isometry. Since 

the complexes C^, are orthogonally split, by lemma [2. 171 we obtain 

^(-1)'^ [ch{4) - ch{ri) + ch{4)) = 0. (8.10) 

k 

Note that the restriction of fij. to Px/m agrees with 77^, whereas its re- 
striction to Py/Px/M agrees with 77^. 

• Its restriction to Wx is orthogonally split. 

• Finally its restriction to Pyx pi fits in an exact sequence 

DocuMENTA Mathematica 15 (2010) 73-176 



Singular Bott-Chern Classes 



135 



where is orthogonally split. For each fc > wc will denote by the 
piece of degree fc of this exact sequence. Note that the restriction of /z^ 
to Py/M agrees with rjf. and the restriction of /^^ to Py/p^/^, agrees with 

4- 

On X pi we denote the two projections by pi and p^. Since the currents 
p\Wi and P2W1 have disjoint wave front sets we can define the current W2 = 
plWi^plWi e Vl,(F^ X Pi,2) which satisfies 

dvW2 = ((5{oo}xPi - '5{o}xPi) 'PS^I -PlWi • (^pix{oo} - ^pix{o})- (8.11) 

The key point in order to study the compatibility of singular Bott-Chern classes 
and composition of closed immersions is that, in the group ^p~^(M, p), 

we have 



dviPw)* (^i-l)''W2>ch{E',,)^ =0. 



We compute this class using the equation (|8.1ip . It can be decomposed as 
follows. 



dvipw)* [^^(-1)^W^2 . ch(£;0 j = 

(Pm.xpO* (^E(-I)'W^i'cM^^ImxxpO) (a) 



(b) 



(PW.)* (^E(-l)'^i • cbKkjj (c) 
(PwJ* (^E(-l)'W^i • ^HKlwJ^ (d) 

\ k 



e) 



+ (Pw.)* (^E(-l)'^i • chKkx)j (f) 

= : la + h-Ic-Id-h+If 
We compute each of the above terms. 

(pj) Since the restriction ^'|jg^x{oo} ^® orthogonally split, we have 

^« = -(^Mx)*^''^(^'Imxx{0})- 
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But, using lemma [^?T71 and the fact, for each k, the complexes ti'i{E')k^*\]^^ 
are orthogonally split, we obtain that la = 0. 
(|b|) We compute 

+ ch{tT,iTotin*p_^^^^E ® K{Ox,Nx/M)))k))^ 

k 

- di(A) 

- (*X/M)*(^Px/A/)*^(?y-^Px/A7) + i^Y/M)*CT{F,NY/p^,^j) 

k 

where ^y^p^,^^^^ is as in notation 18.81 

By corollary 12. 191 and the fact that the exact sequences Ak^* are orthogonally 

split, the term ch(^) vanishes. 

Also by corollary 12. 19l we can see that 

k 

vanishes. 

Therefore we conclude 

k 

- {■i'X/M)*{'^Px/M)*T{ly-,Px/M) + i'i-Y/M)*CT{F,NY/p^/^j). 

(jgj) By the definition of singular Bott-Chern forms we have 

Ic = -T(^y^,j) + {iy,m)*Ct{F,Ny/m) - Y.{-it{pp^,,Mh{'nl). 

k 

(pl Since the restriction of to Wx is orthogonally split, we have Id = 0. 
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(jej) We compute 

+ ch(7r|,^^^^p;.F«)X(C'yxpi,lVyxPVH'x)fc))^ ■ 

The term 1)*^ ch(£)fc) vanishes because the complex £)* is orthogonally 
split. We have 

k 

- («Y/A/)* ch(F) . (py), (W^i . Td-l(Fyxpi/H.,)) 

= (*y/M)*ch(F).Td-\£Ar), (8.12) 



where e^r is the exact sequence (|8.6p . 
Therefore we obtain 

k k 

+ (Zy/M)* ch(F).Td-l(£w). 

® Finally we have 

If=- Y.^-l)'"^{lx^M.k) + Y.^-l)H^X/M)*CT{Ek,N^/M) 
k k 

-^(-l)^+'(pp,,,,).ch«,). 

fc,/ 

By corollarv l2.19l we have that 
Thus 

If=- E(-1)'^(?^-a/,aO + E(-l)'(*^/M)*CT(i?fc,^x/M) 
fc fc 

-E(-l)'(^'^x/M)*ch(r^fe)- 
fc 
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Summing up all the terms wc have computed, and taking into account equation 
(|8?T0)) and the fact that 

Ct[F,Ny,m) = Ct{F,Ny/p^^J 
we have obtained the following partial result. 

Lemma 8.13. Let iy/M = ix/M ° "i-Y/x be a composition of closed immersions 
of complex manifolds. Let T be a theory of singular Bott-Chern classes with 
Ct its associated characteristic class. Let S^y^M j ^x^m k '^'^'^ ^y^Px/m '^^ 
in notation \8.8l and lete he as in (j8.6p . Then, in the group ®p'D^^~^{M,p), 
the equation 

fe k 

+ i^x/M)*i7^Px,J*T{ly^p^^J + {iy,m)* ch(F) . Td-i(ejv) (8.14) 

holds. 

In order to compute the third term of the right hand side of equation (j8.14p 
we consider the following situation 

yy-xPx/M- — ^Px/M ■ 

A} 
Y 

To ease the notation, we denote Px/m by P, F x Px/m by X' and we denote by 

P' the projective completion of the normal cone to X' in P and by ttp' : P' — 
X', TTx'/Y- ^' — ^ Y and TTpi/y'- P' — ^ Y the projections. Observe that 
X and X' intersect transversely along Y. Moreover, Ny/x' = 'i-y/x^x/Mi 
Nx'/p = T^*xi /yNy/x and Ny/p = Ny/x®Nyfx' ■ We use these identifications 
to define metrics on Ny/x', Nx'/p and Ny/p. Therefore the exact sequence 

> Ny/X' > Ny/p > iy/x'Nx'/P — > 

is orthogonally split. 

We apply the previous lemma to the composition of closed inclusions 

Y ^ X' ^ P, 

the vector bundle F over Y and the resolutions 

n*F®j*K(Ox,Nx/Ai)* ~^ s,F 
7r*E,(g, KiOx,Nx/M)k M^*F (g,fK{Ox,Nx/M)k). 

DocuMENTA Mathematica 15 (2010) 73-176 



Singular Bott-Chern Classes 



139 



We denote by ^y^p ^^'^ ^x'-^^p k the hermitian embedded vector bundles cor- 
responding to the above resolutions. If iy/P' : Y ^ P' is the induced inclusion, 
we denote by S.y^p' the hermitian embedded vector bundle 

{tY/P',NY/P',F,Tot{Tr*p,fK{Ox,Nx/M)(^K(Ox',Nx'/p) ® (7rp,/y)*F)) . 

Note that the hermitian embedded vector bundle ^y^p agrees with the her- 
mitian embedded vector bundle denoted ^y^Px/m lemma [8.131 Moreover, 
we have that 

lx'.^p,k = ^*?y->x ® K(Ox,Nx/M)k- 
Applying lemma 15. 13[ we obtain 

k 

- Y,{-l)''j*CT{7r*F ® fKiOx, Nx/M)k,Nx'/p) 

k 

+ J*{^p')*T{Iy^p,) (8.15) 

By proposition 18. II 

E(-l)'^(?^'--^'x/M,fe) = Y.(-^)'^T(''*^Y^X ® K{Ox,Nx/M)k) 
k k 

= T{ti*Iy^x) • Y.^-lt ch{K{Ox,N x/M)k) 

k 

+ Y.^-lfi*CT{^*F ® rK{Ox.Nx/M)k:Nx'/p) 

k 

- Y.{~lfj.CT{^*F,Nx'/p) • c\i{K{Ox.Nx/M)k) (8.16) 

k 

We now want to compute the term («x/A/)*('''fx/A/)*J*(^-P')*^(?y^P')- 
Observe that we can identify 

P' = T{i*y/xNx/M © C) X P(s*7Vx'/P © C), 

where s*Nx'/p is canonically isomorphic to Ny/x- 
Moreover 

{■ix/M)*{TrPx/M)*j*i^P')*F{lY^P') = {'i'Y/M)*{T^P'/Y)*T(^Y^P')- 

Definition 8.17. We denote 

C^''{F,NY/x,^*Y/xNx/M) = {^p- /y)*T{Iy^p,) 

and we define 

p{F, Ny,x,i*y,xNx/m) = Ct(F, Ny,m) ~ C^^{F, Ny/x ,i*Y/xNx/M)- (8.18) 
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Lemma 8.19. The current C^'^{F, Ny/x ^'iy/x-^^/^'^) closed and defines a 
characteristic class of triples of vector bundles. Therefore p is also a charac- 
teristic class. Moreover the class p does not depend on the theory of singular 
Bott-Chern classes T . 

Proof. The fact that C^{F, Ny^x ^iy/x-^x/M) is closed and determines a char- 
acteristic class is proved as in 16.161 The independence of p from to T is seen 
as follows. We denote by the complex 

Toti7r*p, fKiOx^Nx/Ai) ® KiOx' ,Nx'/p)) ® (^P'/y)*^. 

This complex is a resolution of {iY/p')*F 

Let W be the blow-up of P' x along Y x oo, and let tTi{K')^, be the defor- 
mation of complexes on W given by theorem 15.41 Just by looking at the rank 
of the different vector bundles we see that the restriction of tri(iC )* to /V/p', 
the exceptional divisor of this blow-up, is isomorphic (although not necessarily 
isometric) to the Koszul complex K{F, N x/m)*- Then, by equation (|7.3p 

Tily^p,) - {ly/p,).CT{F,Ny,M) = 

-{Pw)* |^M/i.^(-l)'=ch(tri(i?')fe)^ 

-^(-l)^XPp)*ch(tri(i?')fe|p^^^,,K(F,7Vx/M)fc). 

k 

Since the right hand side of this equation does not depend on the theory T, 
the result is proved. □ 

Using equations (|8.15p . (|8.16p . lemma 18.191 and the projection formula, we 
obtain 

{^P.,M)*nlY^P.,J = {nly^x) - {^Y/x)*CT{F,Ny/x)) 

k 

+ (7i"Px/A/)*i*('^p')*r(Cy^pO 

= (Tily^x) - {iy/x)*CT{F,Ny,x)) • ^d-\Nx/M) 
+ {iy/x ) * (F, Ny,x , i*y,x Nx/m ) 

= (Tiiy^x) - {^Y/x)*CT{F,Ny/x)) • Td-\Nx,M) 
+ {iY/x)*CT{F, Ny/M) - p{F, Ny/xJy/xNx/m)- 

(8.20) 

Joining this equation and lemma [8.13l we obtain the main relationship between 
singular Bott-Chern classes and composition of closed immersions. 
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Proposition 8.21. Let iy/M — 'i-x/M ° W/x be a composition of closed im- 
mersions of complex manifolds. Let T be a theory of singular Bott-Chern 
classes with Ct its associated characteristic class. Let S.y^mj S.X'^m k ^'^'^ 



^Y^Px/M '^^ notation \8.8\ and let e be as in ()8.6p . Then, in the group 
^pT>'^^~^(M,p), we have the equation 

my^M) = E(-1)'^(?^-M,fe) + i^x/AiUTily^x) • Td-\Nx/M)) 

k 

+ {iy/M)*ch{F) •TA-\eN) 

+ {iY/M)*Cf{F, Ny/x,i*y/xNx/M) 

).{{ly/x)*CT{F,Ny/x) • T<r\Nx/M)) 

- [ix/m)* Y.^-ltCT[Ek,Nx/M) 

k 

We can simplify the formula of proposition 18.211 if we assume that our theory 
of singular Bott-Chern classes is compatible with the projection formula. 

Corollary 8.22. With the hypothesis of vrovosition lK'Sll assume furthermore 
that T is compatible with the projection formula. Then 

T(^y^m) = E(-l)'^(?x-M,fc) + i^x/AiUn^y^x) • Td-\Nx/M)) 

k 

+ (iy/M)*ch(F).Td-i(ew) 

+ {iy/M)* [c^'iF, Ny,x,l*y,xNx/M) - Ct[F, Ny,x) • 'TA-^{i*y/xNx/M)) 

-CT{F,i*y,xNx/M) • Td-\Ny/x) 

Proof. Since T is compatible with the projection formula, then Ct is also. 
Therefore, using the Grothendieck-Riemann-Roch theorem for closed immer- 
sions at the level of analytic Deligne cohomology classes, we have 

Y,{-lfCT{Eu,Nx/M) = CT{Ox,Nx/M)»Y.^-^)'''''^^^^) 

k k 

= Ct{Ox,Nx/m) • (iy/x)*(ch(F) .Td-i(iV^/^)) 

= {^Y/x)*{^*y,xCT{Ox.Nx,M) • ch{F) . TA-\Ny,x)) 

= {iY/x)*[CT{F,i*y,xNx/M) • -TA-^Ny/x)), 

which implies the result. □ 
Definition 8.23. Let T be a theory of singular Bott-Chern classes. We will 
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say that T is transitive if the equation 

k 

+ (*F/A/)*ch(F).Td-i(ejv) (8.24) 

holds. When equation (|8.24p is satisfied for a particular choice of complex 
immersions and resolutions, we say that the theory T is transitive with respect 
to this particular choice. 

We now introduce an abstract version of definition 18.171 

Definition 8.25. Given any characteristic class C of pairs of vector bundles, 
we will denote 

CP{F, N^N^) := C{F, N, ® N^) - p{F, N^N^), 
where p is the characteristic class of definition 18. 171 
Note that, when T is a theory of singular Bott-Cliern classes we have 

CP.{F,Ni,N2) = Cf{F,Ni,N2). 

Definition 8.26. We will say that a characteristic class C (of pairs of vector 
bundles) is p- Todd additive (in the second variable) if it satisfies 

C{F,Ni ® N2) = C{F,Ni) • Td"^(iV2) + C{F,N2) • Td"^(iVi) + p(F, TVi, TVa) 

or, equivalently, 

CP{F,Ni,N2)^C{F,Ni)*Td-\N2) + C{F,N2)»Td~\Ni). 

A direct consequence of coroUarv 18.221 is 

Corollary 8.27. Let T be a theory of singular Bott-Chern classes that is 
compatible with the projection formula. Then it is transitive if and only if the 
associated characteristic class Ct is p-Todd additive. 

Since we arc mainly interested in singular Bott-Chern classes that arc transitive 
and compatible with the projection formula, we will study characteristic classes 
that are compatible with the projection formula and p-Todd-additivc in the 
second variable. Since we want to express any characteristic class in terms of 
a power series we will restrict ourselves to the algebraic category. 

Proposition 8.28. Let C be a class that is compatible with the projection 
formula and p-Todd additive in the second variable. Then C determines a 
power series 4>c{x) given by 

C{OY,L) = (j>c{ci{L)), (8.29) 
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for every complex algebraic manifold Y and algebraic line bundle Y. Con- 
versely, given any power series in one variable 4'{x), there exists a unique 
characteristic class for algebraic vector bundles that is compatible with the pro- 
jection formula and p-Todd additive in the second variable such that equation 
(11211) holds. 

Proof. This result follows directly from the splitting principle and theorem 
Ml □ 

Remark 8.30. The utility of corollarv l8.27l and proposition 18.281 is hmitcd by 
the fact that we do not know an explicit formula for the class p{Oy , Ni, N2). 
This class is related with the arithmetic difference between Py(A^i ® N2 (B C) 
and Py(iVi © C) X Py{N2 ® C), the second space being simpler than the first. 

Y 

The main ingredients needed to compute this class are the Bott-Chern classes 
of the tautological exact sequence. Therefore the work of Mourougane 
might be useful for computing this class. 

Recall that an additive genus is a characteristic class for algebraic vector bun- 
dles S such that 

SiNi® N2) ^ S{Ni) + S{N2). 

Let = X^i^o ^i-'^^ ^ power series in one variable. There is a one to one 
correspondence between additive genus and power series characterized by the 
condition that S{L) = 0(ci(L)), for each line bundle L. 

Since the class p does not depend on the theory T it cancels out when con- 
sidering the difference between two different theories of singular Bott-Chern 
classes. 

Proposition 8.31. Let Ci and C2 be two characteristic classes for pairs of 
algebraic vector bundles that are compatible with the projection formula and 
p- Todd- additive in the second variable. Then there is a unique additive genus 
5*12 such that 

Ci{F,N) - C2{F,N) ch(i^) • Td(A^)-i • S'i2(iV). (8.32) 
We can summarize the results of this section in the following theorem. 

Theorem 8.33. There is a one to one correspondence between theories of sin- 
gular Bott-Chern classes for complex algebraic manifolds that are transitive and 
compatible with the projection formula, and formal power series (j}{x) G 
To each theory of singular Bott-Chern classes corresponds the power series (j) 
such that 

Ct{Oy,L) = U*cp{ci{L)), (8.34) 

for every complex algebraic manifold Y and every algebraic line bundle L. To 
each power series 4> it corresponds a unique class C , compatible with the pro- 
jection formula and p- Todd- additive in the second variable, characterized by 
equation (|8.34p and a theory of singular Bott-Chern given by definition \7.4\ 
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Even if wc do not know the exact value of the class p another consequence of 
corollary 18.271 is that, in order to prove the transitivity of a theory of singular 
Bott-Chern classes it is enough to check it for a particular class of compositions. 

Corollary 8.35. Let T be a theory of singular Bott-Chern classes compatible 
with the projection formula. Then T is transitive if and only if for any compact 
complex manifold Y and vector bundles Ni, N2, the theory T is transitive with 
respect to the composition of inclusions 

Y ^ Py(iVi ®C)^ Vy{Ni ® C) Xy Py(iV2 ® C) 

and the Koszul resolutions. □ 

We can make the previous corollary a little more explicit. Let tti and 7r2 be the 
projections from P := Pf(7Vi © C) Xy Vy{N2 © C) to Pi := Py(iVi © C) and 
P2 := Vy{N2 © C) respectively. Let Ki = K(Oy,Ni) and K2 = K(Oy,N2) 
be the Koszul resolutions in Pi and P2 respectively. Then, 

if = TtIKi ig) TT2K2 

is a resolution of Oy in P. Then the theory T is transitive in this case if 

T(K) = 7r*T(i?2) • ^i*(c.i(Qi) . Td-i(Oi)) + (ii)4r(i?i) . Td-'(N2)), 

where ri is the rank of A^i, Qi is the tautological quotient bundle in Pi with 
the induced metric, ii : Pi — > P is the inclusion and pi : Pi — > Y is the 
projection. 

The singular Bott-Chern classes that we have defined depend on the choice of 
a hermitian metric on the normal bundle and behave well with respect inverse 
images. Nevertheless, when one is interested in covariant functorial properties 
and, in particular, in a composition of closed immersions, it might be interesting 
to consider a variant of singular Bott-Chern classes that depend on the choice 
of metrics on the tangent bundles to Y and X. 

Notation 8.36. Let J = (i: F — > X,7V,F,!E* be a hermitian em- 

bedded vector bundle. Let Tx and Ty be the tangent bundles to X and Y 
provided with hermitian metrics. As usual we write Td(F) = Td(ry) and 
TdiX) = Td(Tx)- We put 

^,^{i:Y^ X,Tx,Ty,F,E, ^ i,F). 

By abuse of notation we will also say that is a hermitian embedded vector 
bundle. In this situation we denote by ^Ny/x exact sequence of hermitian 
vector bundles 

Iny^x : ^ Ty ^ 2*Tx Ny/x ^ 0. 
If there is no danger of confusion we will denote N = Ny/x and therefore 
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Definition 8.37. Let T be a theory of singular Bott-Chern classes. Then the 
covariant singular Bott-Chern class associated to T is given by 

TciU = m + **(ch(F) . Td^(C^^^ J Td(r)) (8.38) 

Proposition 8.39. The covariant singular Bott-Chern classes satisfy the fol- 
lowing properties 

(i) The class Tc{S,^) does not depend on the choice of the metric on Ny/x- 
(a) The differential equation 

di5T,(ej = ^(-1)'' ch(Efc) - ^,(ch(F) . Td(y)) . Td-\X) (8.40) 

k 

holds. 

(Hi) If the theory T is compatible with the projection formula, then 

rc(?e®G)=rc(?J.ch(G). 

(iv) If, moreover, the theory T is transitive, then, using notation \8.8\ adavted 
to the current setting, we have 

k 

+ {^x/m)*{Tc{Iy-.x,c) • Td(X)) . Td-i(Af). (8.41) 
(v) With the hypothesis of corollary \6.14\ we have 

Tci ?,,c) - Tc( - [ch(e)] - ^.([ch(x) • Td(r)]) . Td-'{X). 

j even j odd 

(8.42) 

Proof. All the statements follow from straightforward computations. □ 
9 Homogeneous singular Bott-Chern classes 

In this section we will show that, by adding a natural fourth axiom to definition 
16. 9[ we obtain a unique theory of singular Bott-Chern classes that we call 
homogeneous singular Bott-Chern classes, and we will compare it with the 
classes previously defined by Bismut, Gillet and Soule and by Zha. 
In the paper [B], Bismut, Gillet and Soule introduced a theory of singular Bott- 
Chern classes that is the main ingredient in their construction of direct images 
for closed immersions. 

Strictly speaking, the construction of [6] only produces a theory of singular 
Bott-Chern classes in the sense of this paper when the metrics involved satisfy 
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a technical condition, called Condition (A) of Bismut. Nevertheless, there is 
a unique way to extend the definition of [6] from metrics satisfying Bismut's 
condition (A) to general metrics in such a way that one obtains a theory of 
singular Bott-Chern classes in the sense of this paper. 

In his thesis [32], Zha gave another definition of singular Bott-Chern classes, 
and he also used them to define direct images for closed immersions in Arakelov 
theory. 

We will recall the construction of both theories of singular Bott-Chern classes 
and we will show that they agree with the theory of homogeneous singular 
Bott-Chern classes. 

We warn the reader that the normalizations we use differ from the normal- 
izations in [6] and |32| . The main difference is that we insist on using the 
algebro-geometric twist in cohomology, whereas in the other two papers the 
authors use cohomology with real coefficients. 

Let rp and r^v be two positive integers. Let y be a complex manifold and let 
F and A'^ be two hermitian vector bundles of rank rp and respectively. Let 
P = P(A^ C) and let s be the zero section. We will follow the notations of 
definition 15.31 Then T{K{F,N)) satisfies the differential equation 

dT,T{K{F,N)) = c,„(Q) Td-i(O) ch(7r;,F) - s4ch(F) Td-i(lV)). 

Therefore, the class 

eT{F,N) := T{K{F,N)) • Td(g) • cK-^[n*pF) 

satisfies the simpler equation 

<lveT(F,N) = [crAQ)] ~ Sy- (9.1) 

Observe that the right hand side of this equation belongs to I?^" (P, tn). Thus 
it seems natural to introduce the following definition. 

Definition 9.2. Let T be a theory of singular Bott-Chern classes of rank 
rp > and codimension tat. Then the class 

MF,^) = T{K{F,N)) • Td(Q) • c\v-\n*pF) 

is called the Euler-Green class associated to T. The class T{K{F,N)) is said 
to be homogeneous if 

eT{F,N)<^V^^--\P,rN). 

A theory of singular Bott-Chern classes of rank is said to be homogeneous if it 
agrees with the theory of Bott-Chern classes associated to the Chern character. 
Finally, a theory of singular Bott-Chern classes is said to be homogeneous if its 
restrictions to all ranks and codimensions are homogeneous. 

The main interest of the above definition is the following result. 
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Theorem 9.3. Given two positive integers rp and rjv there exists a unique 
theory of homogeneous singular Bott-Chern classes of rank rp and codimen- 
sion r^. 

Proof. The proof of this resuU is based on the theory of Euler- Green classes. 
Let P = P(A^ C) be as before, and let s denote the zero section of P. Let 
be the subvariety of P that parametrizes the lines contained in TV. Then 
D^=¥{N). 

Lemma 9.4. There exists a unique class e{P,Q,s) G 'D'^'^~^{P,rN) such that 
(i) It satisfies 

dve{P,Q,s) = [cr^iQ)] - Sy. (9.5) 
(a) The restriction e(P, Q, s)\d^ = 0. 

Proof. We first show the uniqueness. Assume that e and e' are two classes 
that satisfy the hypothesis of the theorem. Then e' ~ e is closed. Hence it 
determines a cohomology class in i/^1"~^(P, rjv). Since, by theorem ll.2[ the 
restriction 

H%--\P, r^) H%--\D^,rN) (9.6) 



is an isomorphism, condition (ii) implies that e' = e. Now we prove the exis- 
tence. Since Y is the zero locus of the section s, that is transversal to the zero 
section of Q, we know that the currents [cr„] and Sy are cohomologous. There- 
fore there exists an element a G V^" ^ ^ {P, r^ ) such that d-pa— [cr„ (Q)] — <5y . 
Since Q restricted to D^o splits as an orthogonal direct sum 

Q\d^^S(BC (9.7) 

where the metric on the factor C is trivial, and the section s restricts to the 
constant section 1, we obtain that ([cr-„(Q)] — Sy)\d^ = 0. Therefore a deter- 
mines a class in H^J^~^ {P, r^). Using again that (|9.6p is an isomorphism, we 

find an element b € H^"^^^ (P, r^v), such that e — a — b satisfies the conditions 
of the lemma. □ 



We continue with the proof of theorem 19.31 We first prove the uniqueness. 
Let T be a theory of homogeneous singular Bott-Chern classes. The splitting 
(|9.7p implies easily that the restriction of the Koszul resolution K{F,N) to 
Dao is orthogonally split. By the functoriality of singular Bott-Chern classes, 
T{K(F,N))\d^. = 0. Thus the class 

eT(F,N) T{K(F,N)) . Td(Q) . ch-\TT*pF) e &j;"-\P, r^) 



satisfies the two conditions of lemma 19^ Therefore er(P, N) = e(P, Q, s) and 
T{K(F,N)) = e(P,g,.s) • Td-\Q) • ch(^>P), (9.8) 
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where the right hand side does not depend on the theory T . In consequence 
we have that 

Ct{F,N) = {^p),T{K{F,N)) (9.9) 

does not depend on the theory T. Thus by the uniqueness in theorem 17.11 we 
obtain the uniqueness here. 
For the existence we observe 

Lemma 9.10. The current 

C{F, N) = (ttp), (e(P, Q, s) . Td'^ (Q)) . ch(F) 

is a characteristic class for pairs of vector bundles of rank rp and rj^. 

Proof. We first compute, using equation (|9.5p and coroUarv l3.8[ 

d-D C{F, N) = (ttp), {dv e{P, Q, s) • Td^^ (Q)) • ch(F) 

= i^p)* (([c,„(Q)] -<Sy).Td-i(Q)) .ch(F) 

= (^p)* (cr„(Q) • Td-\Q)) . ch(F) - Td-^(iV) • ch(F) 

= 0. 

Thus C{F, N) determines a cohomology class. This class is functorial by con- 
struction. By proposition 11.71 this class does not depend on the metric and 
defines a characteristic class. □ 

By the existence in theorem 17.11 we obtain a theory of singular Bott-Chern 
classes Tc that is easily seen to be homogeneous. □ 

A reformulation of theorem 19.31 is 

Theorem 9.11. There exists a unique way to associate to each hermitian em- 
bedded vector bundle ^ = (i: y — > X, N, F,E^,) a class of currents 

p 

that we call homogeneous singular Bott-Chern class, satisfying the following 
properties 

(i) (Differential equation) The equality 

dvT\l,) = ^(-l)'[ch(;B,)] - **([Td-^(lV)ch(F)]) (9.12) 

i 

holds. 

(a) (Functoriality) For every morphism f: X' — > X of complex manifolds 
that is transverse to Y, 

f*T\l)^T'\f*0. 
DocuMENTA Mathematica 15 (2010) 73-176 



Singular Bott-Chern Classes 



149 



(Hi) (Normalization) Let A ~ (A*, g*) be a non-negatively graded orthogonally 
split complex of vector bundles. Write S^® A ~ [i: Y — > X, N, F, E^, © 
3*)- ThenT^(E) = T''{l(SA). Moreover, if X = SpecC is one point, 
Y = %andE^^ 0, then T''(0 = 0. 

(iv) (Homogeneity) If rp = rk(i^) > and rjv = rk(A^) > 0, then, with the 
notations of definition \9.^ 

T''{K(F,N)) . Td(Q) . ch-\n*pF) e &^--\P,rN). 

□ 

The class e{P, Q, s) of lemma l9^ is a particular case of the Euler-Green classes 
introduced by Bismut, Gillct and Soulc in |^. The basic properties of the 
Euler-Green classes are summarized in the following results. 

Proposition 9.13. Let X be a complex manifold, let E be a hermitian holo- 
morphic vector bundle of rank r and let s be a holomorphic section of E that 
is transverse to the zero section. Denote by Y the zero locus of s. There is a 
unique way to assign to each {X, E, s) as before a class of currents 

e{X,E,s)^V^^-\X,Nl^,r) 
satisfying the following properties 
(i) (Differential equation) 

dveiX,E,s) = Cr(E) - Sy. (9.14) 

(a) (Functoriality) If f : X' — > X is a morphism transverse to Y then 

e{X',f*E,f*s)^ f*e{X,E,s). (9.15) 

(Hi) (MultipUcativity) Let Ei and E2 be hermitian holomorphic vector bun- 
dles, and let s I and S2 be holomorphic sections of Ei and E2 respectively 
that are transverse to the zero section and with zero locus Yi and Y2 . We 
write E = El (B E2 and s ~ si ® 32- Assume that s is transverse to the 
zero section; hence Yi and Y2 meet transversely. With this hypothesis we 
have 

e{X,E,s) = e{X,Ei,si) ACrAE2) + SY^ /\e{X,E2,S2) 

= e{X, Ei,si)a6y,+ Cr, {Ei ) A e(X, £2,82). 

(iv) (Line bundles) If L is a hermitian line bundle and s is a section of L, 
then 

?(X,L,s) = -log||s||. (9.16) 
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Proof. Bismut, Gillet and Soulc prove the existence by constructing explicitly 
an Euler-Green current in the total space of E and pulling it back to X by the 



section s. For the uniqueness, first we see that properties (i) and (ii) imply 
that, if ho and hi are two hermitian metrics in E, then 

e(X, {E, ho),s) - e(X, {E, hi),s) ^ Zr{E, ho, h^). (9.17) 

We now consider tt: P = P(_E®C) — > X, with the tautological exact sequence 

— > 0(-l) ^ Tr*^; © C — > Q — ^ 

On Q we consider the metric induced by the metric of E and the trivial met- 
ric on the factor C, and let sq the section of Q induced by the section 1 



of C. Let Doo be as in lemma 19.41 Then properties (ii) to (iv) imply that 
e{P,Q, sq)\d^ = 0. Hence by lemma [9^ is uniquely determined. Finally, let 
/: X — > P be the map given by x i — > (s(x) : — 1). Then f*Q = E, although 
they are not necessarily isometric, and f*SQ = s. Therefore, the functoriality 
and equation (|9.17|) determine e{X,E,s). 

To prove the existence, we use lemma \9A[ functoriality and equation (|9.17p to 
define the Euler-Green classes. It is easy to show that they are well defined 



and satisfy properties (i) to (iv) □ 



Equation (|9.8p relating homogeneous singular Bott-Chern classes and Euler- 
Green classes in a particular case can be generalized to arbitrary vector bundles. 



Proposition 9.18. Let X be a complex manifold, E a hermitian vector bundle 
over X, s a section of E transversal to the zero section and i: Y — > X the 
zero locus of s. Let K{E) be the Koszul resolution of i^fOy determined by E 
and s. We can identify Ny/x with i*E. We denote by Ny/x the vector bundle 
with the metric induced by the above identification. Then 

T^{i,Oy,Ny/x,K{E)) ^e{X,E, s)>1:A-\E). 

Proof. Let P = ^{E ® C). We follow the notation of proposition l9T3] We 
denote by ho the original metric of E and by hi the metric induced by the 
isomorphism E = f*Q. Observe that ho and hi agree when restricted to Y , 
because the preimage of Q by the zero section agrees with E. Hence there is 
an isometry 'Ny/x = i*f*Q. We denote T'^{K(E)) = T^{i,Oy,Ny/x,K(E)). 
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Then we have 

i 

T^{K{E)) = rT\K(0]^,E)) + ^(-l)^ch(/\ E\ho, h,) 

i 

= /*(e(P, Q, sq) . Td'\Q)) + CriE, ho, hi) . Td'^E, hi) 



e(X, E, s 
+ c,.i 

e{X,E,s 
+ c,.i 

eiX,E,s 

+ c,.i 

e{X,E,s 
e{X,E,s 



E,ho),Td-\E,ho,hi) 

• Td"\£;, hi) ~ CriE, ho, hi) • Td^^{E, hi) 

E, ho, hi) • Td-\E, hi) + Cr{E, ho) • Td"^(£;, ho, hi) 

• Td-^(E, ho) - e{X,E, s) • dp Td'^E, ho, hi) 
E,ho)»Td-\E,ho,hi) 

• Td"^ {E, ho)-dv e{X, E, s) • Td"^ {E, ho, hi) 
E, ho)»Td-\E,ho,hi) 

• Td~\E, ho) + i,Td~\E, ho, hi)\Y 

• Td-\E), 



which concludes the proof. 



□ 



Theorem 9.19. The theory of homogeneous singular Bott-Chern classes is 
compatible with the projection formula and transitive. 

Proof. Wc have 

CT>^iF,N) = {Trp),T'\K(F,N)) 

= (^p)*(e(P,Q,s) . Td-i(Q) . ch(^;,F)) 
= (^p)4e(P,Q,s) .Td-i(O)) .ch(F) 
= CT>^{OY,N)»ch{F). 

Thus Cy/i is compatible with the projection formula. 

We now prove the transitivity. Let Y, Ni and N2 be as in corollary 18.351 
We follow the notation after this corollary. Then applying proposition 19. 181 we 
obtain 



Ti^iK) = e(P, ^i*Qi ® Tr*Q2, si + S2) • Td-^KQi © 7t*Q^), 

where Si denote the tautological section of Q^ or its preimage by tt^ 
Then, by proposition 19.131 (in) [ taking into account that Yi = P2, 



(9.20) 



T"(/0 = n*i{cr, (Qi) Td-\Qi)) . ^2*(e(P2, Q2,S2) Td-\Q2)) 

+ iii),{eiPi,Qi,si)Td-\Qi) • p*iTd~\N2)). (9.21) 
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Applying again proposition 19 . 1 81 we obtain 

T'\K) = 7rlicrAQi)Td-\Q,)).n;{T'\K2)) + {iiUT\K,),pl Tdr^N^)). 

(9.22) 

Thus, by corollary 18 . 351 the theory of homogeneous singular Bott-Chern classes 
is transitive. □ 

We next recall the construction of singular Bott-Chern classes of Bismut, Gillet 
and Soule. Let i : Y — > X be a closed immersion of complex manifolds and 
let 1^ = (i, A^, Elf) be a hermitian embedded vector bundle. Wc consider the 
associated complex of sheaves 

^ £;„ A . . . A -> 0, 

where we denote by v the differential of this complex. 

This complex is exact for all a; G X \ Y . The cohomology sheaves of this 
complex are holomorphic vector bundles on Y which we denote by 

n 

For each x E Y and U £ T^X we denote by duv{x) the derivative of the map v 
calculated in any holomorphic trivialization of E near x. Then duv{x) acts on 
Hx- Moreover, this action only depends on the class y oi U in N^- We denote 
it by dyv{x). Moreover {dyv{x))'^ = 0; therefore the pull-back of H to the total 
space of N together with dyV is a complex that wc denote by (iJ, dyv). 
On the total space of N , the interior multiplication hy y £ N turns /\ A^ into a 
Koszul complex. By abuse of notation wc denote also by Ly the operator iy®\ 
acting on /\ A^^ ® F. There is a canonical isomorphism between the complexes 
[H, dyv) and (/\ A^ ® F, Ly). An explicit description of this isomorphism can 
be found in [3] §1. 

Let V* be the adjoint of the operator v with respect to the metrics of E^,. Then 
we have an identification of vector bundles over Y 

Hk = {/ e Sfc I vf = v*f = 0}. 

This identification induces a hermitian metric on Hk, and hence on H. Note 
that the metrics on A^ and F also induce a hermitian metric on /\ A^ (E) F. 

Definition 9.23. We say that ^ = {i, N, F, E^,) satisfies Bismut assumption 
(A) if the canonical isomorphism between {H,dyv) and {/\N'^ <E) F,Ly) is an 
isometry. 

Proposition 9.24. Let'^ = (i,A,F,!E,) be as before, with 77 ^ (A^, ft,jv) and 
F = (Fjhp)- Then there exist metrics h'^^ over Ek such that the hermitian 

embedded vector bundle ^ ~ [i, N ,F ,(Ei,,h'^ )) satisfies Bismut assumption 
(A). 
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Proof. This is [3] proposition 1.6. □ 

Let be the canonical hcrmitian holomorphic connection on E and let V = 
V + V* . Then 

^„ = + V^v 

is a superconnection on E. 

Let be the canonical hcrmitian connection on H. Then 

B = V" +dyV+idyV)* 

is a superconnection on H. 

Let Nh be the number operator on the complex {E, v), that is, Nh acts on Ek 
by multiplication by fc, and let Tr^ denote the supertrace. Recall that here we 
are using the symbol [ ] to denote the current associated to a locally integrable 
differential form and the symbol 6y to denote the current integration along a 
subvariety, both with the normalizations of notation 11.31 
For < Re{s) < 1/2 let Ce{s) be the current on X given by the formula 



J N 



du. (9.25) 



This current is well defined and extends to a current that depends holomorphi- 
cally on s near 0. 

Definition 9.26. Assume that = {i, N, F, E,,) satisfies Bismut assumption 
(A). Then we denote 

By abuse of notation we will denote also by r^'^'^(^) its class in 

Let now ^ = (i, A^, F, [E^, He J) be general and let ^ = (i, N, F, {E^, h'^J) be 
any hermitian embedded vector bundle satisfying assumption (A) provided by 
proposition 19.241 Then we denote 



where ch{Ei,hEi,h'^,) is as in definition 12.131 

Remark 9.27. This definition only agrees (up to a normalization factor) with 
the definition in j6j for hermitian embedded vector bundles that satisfy assump- 
tion (A). 



DocuMENTA Mathematica 15 (2010) 73-176 



154 



Jose I. Burgos Gil and Razvan Litcanu 



Theorem 9.28. The assignment that, to each hermitian embedded vector bun- 
dle S^, associates the current T^'^ ^ {^) , is a theory of singular Bott-Chern classes 
that agrees with . 

Proof. First we have to show that, when ^ does not satisfy assumption (A) 
then T^^^(X) is weU defined. Assume that t' = {hN,F, {E^.h'^J) is another 
choice of hermitian embedded vector bundle satisfying assumption (A). By 
lemma [2. 171 we have that 

ck{E„ h„ h'i) + ch{E„hl h'l) + ch(£',, h'l , h,) = 0. 

By [S] theorem 2.5 we have that 

i 

bumming up we obtain that T^^^{S) is well defined. 

If the hermitian embedded vector bundle ^ satisfies Bismut assumption (A) 
then, by [3] theorem 1.9, T'^^^i^) satisfies equation (|STII|) . If 1 does not 
satisfy assumption (A) then, combining [6j theorem 1.9 and equation (|2.4|) . we 
also obtain that T^'^'^(^) satisfies equation (|6.10p . 
The functoriality property is [6] theorem 1.10. 

In order to prove the normalization property, let ^ = {i:Y — > X,N,F,E^,) 
be a hermitian embedded vector bundle that satisfies assumption (A) and let 
A be a non-negatively graded orthogonally split complex of vector bundles on 
X. Observe that A is also a (trivial) hermitian embedded vector bundle. Then 
A and ^ (B A also satisfy assumption (A). By [6] theorem 2.9 

T^^^(^®A) = T^^'^(^)+T^^'^(A). 

But by [5] remark 2.3, T^'~^^{A) agrees with the Bott-Chern class associated 
to the Chern character and the exact complex A. Since A is orthogonally split 
we have T^^^{A) = 0. Now the case when ^ does not satisfy assumption (A) 
follows from the definition. 

By [6] theorem 3.17, with the hypothesis of proposition 19. 181 we have that 

r^«^(z, Oy , Ny/x ,K{E))= e(X, E, s) . TA^^E) 

^T\i,Oy,Ny/x,K(E)). 

From this it follows that Ctbgs = C^h and by theorem [7t1 T^^^ ^ T'\ □ 

Wc now recall Zha's construction. Note that, in order to obtain a theory of 
singular Bott-Chern classes, we have changed the normalization convention 
from the one used by Zha. Note also that Zha does not define explicitly a 
singular Bott-Chern class, but such a definition is implicit in his definition of 
direct images for closed immersions. Let F be a complex manifold and let 
N = iN,h) be a hermitian vector bundle. We denote P = F{N ® C). Let 
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it: P — > Y denote the projection and let t: Y — > P denote the inclusion as 
the zero section. On P we consider the tautological exact sequence 

— >0{-l) — >Tr*N®Op — >Q — ^0. 

Let hi denote the hermitian metric on induced by the metric of N and the 
trivial metric on Op and let denote the semi-definite hermitian form on 
induced by the map — > Op obtained from the above exact sequence and 
the trivial metric on Op. Let ht = {1 — t^)hQ + t^hi. It is a hermitian metric 
on Q^. We will denote Q^ — {Q'^ ,ht). Let V* be the associated hermitian 
holomorphic connection and let Nt denote the endomorphism defined by 

For each n> 1, let Det denote the alternate ri-linear form on the space of n by 
n matrices such that 

dct(A) =Det(A, 

We denote det(B; A) = Det(B, A,..., A). 
Zha introduced the differential form 

— —1 

eziO") = -TT lim / det(Aft,V?)dt (9.29) 

which is a smooth form on P\l(Y), locally integrable on P. Hence it defines a 
current, also denoted by ez{Q ) on P. The important property of this current 
is that it satisfies 

dveziQ'')^Cn(Qi)~SY. (9.30) 

In [32], Zha denotes by C{Q ) a form that differs from ez by the normalization 
factor and the sign. We denote it by ez because it agrees with the Euler-Green 
current introduced in [B]. 

Proposition 9.31. The equality 

ez{Q'')^e{P,Qi,SQ) 

holds. 

Proof. With the notations of lemma 19. 4[ both classes satisfy equation (|9.30p 
and their restriction to D^o is zero. By lemma WM thev agree. □ 

Definition 9.32. Let J = (i: F — > X,N,F,E^) be as in definition IQ] Let 
A*, tri(i?)* and rj^ be as in (j7.2p . Then we define 

- J2i-l)\ppUcHrj,)] + (pp),(ch(^;F)Td-i(Qi)ez(Qi)). (9.33) 

k 
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It follows directly from the definition that is the theory of singular Bott- 
Chern classes associated to the class 

Cz{F,N) = bp)*(ch(7r;F)Td-i(Qi)e^(Qi)). (9.34) 

Theorem 9.35. The theory of singular Bott-Chern classes agrees with the 
theory of homogeneous singular Bott-Chern classes . 

Proof. The result follows directly from theorem 1 7. 11 equation (|9.34p and propo- 
sition HHl □ 

Next we want to use 18.331 to give another characterization of T'\ To this end 
we only need to compute the characteristic class CTh{OY,L) for a line bundle 
L as a power series in ci{L). 

Theorem 9.36. The theory of homogeneous singular Bott-Chern classes of 
algebraic vector bundles is the unique theory of singular Bott-Chern classes 
of algebraic vector bundles that is compatible with the projection formula and 
transitive and that satisfies 

Ct>^{Oy,L) = li.</)(ci(L)), 

where (j) is the power series 

' 2^ {n + 2)\ ' 

n=0 ^ ' 

and where iJ„ = l + ^ + ^ + -- - + ^,?i>l are the harmonic numbers. 

We already know that T'' is compatible with the projection formula and tran- 
sitive. Thus it only remains to compute the power series (j). 
Let L = (LjUl) be a hermitian line bundle over a complex manifold Y . Let 
2 be a system of holomorphic coordinates of Y. Let e be a local section of L 
and let h{z) = h{ez,ez). Let P = P(i C), with tt: P — > Y the projection 
and l: Y — > P the zero section. We choose homogeneous coordinates on P 
given by (z, (x : y)), here (x : y) represents the line of © C generated by 
xe{z) -t- 1/1, where 1 is a generator of C of norm 1. On the open set y ^ we 
will use the absolute coordinate t = x/y. Let 

0— ^C'(-l) ^7r*(LeC) -^Q—>0 

be the tautological exact sequence. The section s = {1} is a global section of 
Q that vanishes along the zero section. Moreover we have 

2 xxh{z) tth 

" yy + xxh{z) ^ 1 + tth ■ 
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Then (recall that wc arc using the algcbro-gcomctric normahzation) 

ci(Q) ^ ddlogWsf (9.37) 

^aaiog^ (9.38) 
_ fl+tth td{th) (1 + tth) - tHhd{th) \ 



\tth{l + tth) 



(9.40) 



_c.(~dm\ 1 t^{ht)^^{th) 

\ th J 1 + tth th{\ + tthY ^ ' 



(9.42) 



_ 7r*ci(L) _ d{th) A d{th) 
~ l + tth h{\ + tihY 

We now consider the Koszul resolution 

We denote by T''(K) the singular Bott-Chern class associated to this Koszul 
complex. Then, by proposition 19.131 and proposition 19.181 

T\K)^-^Td-\Q)\og\\s\\'. 

In order to compute 'n^T^{K) we have to compute first 7r*ci(Q)" log But 

(i + tth)" \{i + tth)) h{i + tthY ■ 

Therefore 

- 1 f dith) A d{th) tth 



/T^Nn, II Ii2 /^-^r^-l 1 f d{th) A d{th) 

.,c,(Q)"log||,sir = -nciLT X, hil + tihr^^ ''>^l 



tth 

n-i 1 f^"' f°°, -2ird0dr 



-nc,{LT-^— log 



= nci(L)"~^/" log(l - w)io"-Mw 
Jo 

= -ci(I)"-iff„, 
where rt > 1 are the harmonic numbers. Since 

rr^-itn\ l-cxp(-ci(Q)) ^ (-1)" ,^.„ 
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we obtain 

Then, a reformulation of proposition 18.311 is 

Corollary 9.43. Let T be a theory of singular Bott-Chern classes for algebraic 
vector bundles that is compatible with the projection formula and transitive. 
Then there is a unique additive genus St such that 

Ct{F,N) ~ Ct4F,N) = c\(F) • Td(A^)"i • St{^). (9.44) 

Conversely, any additive genus determines a theory of singular Bott-Chern 
classes by the formula \9.4^4^ . 

10 The arithmetic Riemann-Roch theorem for regular closed im- 
mersions 

In this section we recaU the definition of arithmetic Chow groups and arithmetic 
A'-groups. We see that each choice of an additive theory of singular Bott-Chern 
classes allows us to define direct images for closed immersions in arithmetic K- 
theory. Once the direct images for closed immersions are defined, we prove 
the arithmetic Grothendieck-Riemann-Roch theorem for closed immersions. A 
version of this theorem was proved earlier by Bismut, Gillet and Soule [5] when 
there is a commutative diagram 




Z 



where i is a closed immersion and / and g are smooth over C. The version 
of this theorem given in this paper is due to Zha |32| . but still unpublished. 
The theorem of Bismut, Gillet and Soule compares (?*ch(ui?) with /*ch(i?), 
whereas the theorem of Zha compares directly ch.{i^,E) with ch(£^). The main 
difference between the theorem of Bismut, Gillet and Soule and that of Zha is 
the kind of arithmetic Chow groups they use. In the first case these groups 
are only covariant for proper morphisms that are smooth over C; thus the 
Grothendieck-Riemann-Roch can only be stated for a diagram as above, while 
in the second case a version of these groups that are covariant for arbitrary 
proper morphisms is used. 

Since each choice of a theory of singular Bott-Chern classes gives rise to 
a different definition of direct images for closed immersions, the arithmetic 
Grothendieck-Riemann-Roch theorem will have a correction term that depends 
on the theory of singular Bott-Chern classes used. In the particular case of the 
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homogeneous singular Bott-Chern classes, which are the theories used by Bis- 
mut, Gillet and Soule and by Zha, this correction term vanishes and we obtain 
the simplest formula. In this case the arithmetic Grothendieck-Riemann-Roch 
theorem is formally identical to the classical one. 

Let {A,Tj,Fao) be an arithmetic ring [TH]. Since we will allow the arithmetic 
varieties to be non regular and we will use Chow groups indexed by dimension, 
following |20) we will assume that the ring A is equidimensional and Jacobson. 
Let F be the field of fractions of A. An arithmetic variety X is a, scheme flat and 
quasi-projective over A such that Xp = X x SpecF is smooth. Then X := Xy, 
is a complex algebraic manifold, which is endowed with an anti-holomorphic 
automorphism F^o- One also associates to X the real variety Xr = (X, Foo)- 
Following [13], to each regular arithmetic variety we can associate different 
kinds of arithmetic Chow groups. Concerning arithmetic Chow groups, we 
shall use the terminology and notation in op. cit. §4 and §6. 
Let I?iog be the Delignc complex of sheaves defined in [T3] section 5.3; we refer 
to op. cit. for the precise definition and properties. A 'D\og- arithmetic variety 
is a pair {X , C) consisting of an arithmetic variety X and a complex of sheaves 
C on which is a Aog-complex (see op. cit. section 3.1). 
We are interested in the following I?iog-complexes of sheaves: 

(i) The Dcligne complex Pi^a.x of differential forms on X with logarithmic 
and arbitrary singularities. That is, for every Zariski open subset U of 
X, we write 

u 

where the limit is taken over all diagrams 




such that I is an open immersion, /? is a proper morphism, B = U \ U, 
is a normal crossing divisor and S'-^{\og B) denotes the sheaf of smooth 
differential forms on U with logarithmic singularities along B introduced 
in|8] . 

For any Zariski open subset U C AT, we put 

If U is now a Zariski open subset of Ar, then we write 

-DUxiU.P) = (A:a,x(f/,P),di,) = (2?^,a,A•(C/c,p)^dp), 
where a is the involution 17(77) = F^r] as in |13j notation 5.65. 
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Note that the sections of T)^^ over an open set U C X are differential 
forms on U with logarithmic singularities along X \ U and arbitrary sin- 
gularities along X \ X, where X is an arbitrary compactification of X. 
Therefore the complex of global sections satisfy 

Vl,^xiX,*)=V*{X,*), 

where the right hand side complex has been introduced in section §1. The 
complex ^ is a particular case of the construction of [T^] section 3.6. 

(ii) The Deligne complex I?cur,x of currents on X. This is the complex in- 
troduced in [13] definition 6.30. 

When X is regular, applying the theory of [13] we can define the arithmetic 

Chow groups CH (A',2?i_a.x) and CH (A", I?cur,x)- These groups satisfy the 
following properties 

(i) There are natural morphisms 

CH*(A',2?i,a,x) ^CH*(A',2?eur.x) 

and, when applicable, all properties below will be compatible with these 
morphisms. 

(ii) There is a product structure that turns CH (A', I?i^a,x)((2 hito an associa- 
tive and commutative algebra. Moreover, it turns CH {X ,'Dcur.x)Q into 
a CH (A',r'i,a,x)Q-module. 

(iii) If / : 3^ — > A" is a map of regular arithmetic varieties, there are pull-back 
morphisms 

/*: CH*(Af,Pu.x) ^CH*(3;,I?i,a,y). 
If moreover, / is smooth over F, there are pull-back morphisms 

/*: CH*(A',I?cunx) -^CH*(3^,I?eur,y). 
The inverse image is compatible with the product structure. 

(iv) If / : 3^ — > X is a proper map of regular arithmetic varieties of relative 
dimension d, there are push-forward morphisms 

CH*(3^,I?eur,y) ^ CH*"''(A',I?eur,x). 

If moreover, / is smooth over F, there are push-forward morphisms 

CH*(3^,2?,,a,y) -^CH*~''(A',2?i,a,x). 

The push-forward morphism satisfies the projection formula and is com- 
patible with base change. 
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(v) The groups CH (X, I?i,a,x) are naturally isomorphic to the groups defined 
by Gillet and Soule in [TH] (see [H] theorem 3.33). When X is generi- 
cally projective, the groups CH (.YjPcur.x) are isomorphic to analogous 
groups introduced by Kawaguchi and Moriwaki j27j and are very similar 
to the weak arithmetic Chow groups introduced by Zha (see [H]). 

(vi) There are well-defined maps 

C: Clf{X,C) CHP(A'), 

Lo: Ch''(A',C) ^ZC2p(Xr,p), 

where C is either I?i,a,x or I?cur.x- For the precise definition of these 
maps see [13] notation 4.12. 

When X is not necessarily regular, following [5D] and combining with the defi- 
nition of |13] we can define the arithmetic Chow groups indexed by dimension 
CH4A',I?i,a,x) and CH,(A',X'cur,x) (see [H] section 5.3). 
They have the following properties (see |20)). 

(i) If X is regular and equidimensional of dimension n then there are iso- 
morphisms 

CH,(A',I?i,a.x) = CH""*(A',I?i,a,x), 
CH*(A', I?cur,x) = CH {X,'Dcur,x)- 

(ii) If / : 3^ — > A" is a proper map between arithmetic varieties then there is 
a push-forward map 

/*: CH,(3^,I?cur,Y) > CH,(A',I?cur,x)- 

If / is smooth over F then there is a push-forward map 
U: CH,(y,I?i,a.Y) ^CH,(A',I?i,a,x). 

(iii) If / : 3^ — > X IS & flat map or, more generally, a local complete intersec- 
tion (l.c.i) map of relative dimension d, there are pull-back morphisms 

/*: CH,(<Y,I?i,a,x) ^ CH,+d(3^,I?i,a,y). 
If moreover, / is smooth over F, there are pull-back morphisms 

/* : CH,(A',I?cur,x) > CH,+rf(3^, I?cur,F)- 
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(iv) If / : 3^ — > A" is a morphism of arithmetic varieties with X regular, then 
there is a cap product 

and a similar cap-product with the groups CHrf(3^, I?cur,F)- This product 
is denoted by y x i— y.fX, 

For more properties of these groups see [20] . 

We will define now the arithmetic X-groups in this context. As a matter of 
convention, in the sequel wc will use slanted letters to denote a object defined 
over A and the same letter in roman type for the corresponding object defined 
over C. For instance we will denote a vector bundle over X hy £ and the 
corresponding vector bundle over X hy E. 

Definition 10.1. A hermitian vector bundle on an arithmetic variety X, £, 
is a locally free sheaf £ with a hermitian metric He on the vector bundle E 
induced on X, that is invariant under .Foo- A sequence of hermitian vector 
bundles on X 

(e) ... > £n+l > £n > £n-l > ■ ■ ■ 

is said to be exact if it is exact as a sequence of vector bundles. 
A metrized coherent sheaf is a pair = (J", E^. ^ F), where J" is a coherent 
sheaf on X and E^, F is a. resolution of the coherent sheaf F = Fc by 
hermitian vector bundles, that is defined over R, hence is invariant under i^oo- 
We assume that the hermitian metrics are also invariant under Fao- 

Recall that to every hermitian vector bundle we can associate a collection of 
Chern forms, denoted by Cp. Moreover, the invariance of the hermitian metric 
under F^ implies that the Chern forms will be invariant under the involution 
a. Thus 

Cp(£)ev^l^iXu,p)=v'p{x,pr. 

We will denote also by Cp{£) its image in T)^^^ ^{X]gi,p). In particular we have 
defined the Chern character ch(£) in either of the groups ^^Vf^ j^.{Xr,p) or 
®p^lui xi-^^^P)- Moreover, to each finite exact sequence (e) of hermitian 
vector bundles on X we can attach a secondary Bott-Chcrn class ch(e). Again, 
the fact that the sequence is defined over A and the invariance of the metrics 
with respect to Foo imply that 

chie) e 0p2pJ(XR,p) = ^v'p-\x,pr. 
p p 

We will denote also by ch{e) its image in ^p'Dlu^xi-^R^P)- ^he Bott-Chern 
classes associated to exact sequences of metrized coherent sheaves enjoy the 
same properties. 
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Definition 10.2. Let X be an arithmetic variety and let C*(*) be one of the 
two I?iog-coniplexes Pi. a, A' or 'Dcm.x- The arithmetic K -group associated to the 
I?iog-arithmetic variety {X,C) is the abehan group K{X,C) generated by pairs 
{£, rf), where f is a hermitian vector bundle on X and rj e 0p>Q C^p~-^(Xr,p), 
modulo relations 

+ {£2,m) = ch(e) + 771 + 772) (lo.s) 

for each short exact sequence 

(e) — >£i — >£ — >£2 — ^ . 

The arithmetic K' -group associated to the 2?iog-arithmetic variety {X^C) is 
the abelian group K'{X,C) generated by pairs (F,Tf), where is a metrized 
coherent sheaf on X and 1] e ®p>o^^''~^(^R'P)i modulo relations 

(^^1,7/1) + (^^2, 772) = ch(£) + r/i + r/2) (10.4) 
for each short exact sequence of metrized coherent sheaves 

(e) — >yi — >y — — ^ o . 

We now give some properties of the arithmetic i^T-groups. As their proofs are 
similar, in the essential points, to those of analogous statements in, for example, 
[18] in the regular case and [20] in the singular case, we omit them. 

(i) We have natural morphisms 

K{X,V,^^^x) ^ k{X,V,^,,x) and K'{X,V^^^^x) K'{X,V,^,^x)- 

When applicable, all properties below will be compatible with these mor- 
phisms. 

(ii) K{X ,'D\^a._x) is a ring. The product structure is given by 

{^i,m)-i.^2,m) = (•^i<8)-7^2,ch(J'i)»7y2 + 7yi»ch(J"2) + di5?/i»?72) (10.5) 

(iii) /v(A',2?cur,x) is a A'(A:', 2?i,a,x)-module. 

(iv) There are natural maps 

k{X,C) — > K'{X,C) 
that, when X is regular, are isomorphisms. 

(v) The groups K^XjVi.n^x) and K' {X ,'Dcui,x) are i^(A', I?La,A-)-inodules. 
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(vi) There arc natural maps 

p 

that send the class of a pair (J", rj) with J" = (J", — > J^c) to the form 
(or current) 

w(J,?7) = ^(-l)'ch(;B,)+dp'?- 

i 

(vii) When X is regular, there exists a Chern character, 

ch: K{X,C)q ^Cif{X,C)Q, 

p 

that is an isomorphism. Moreover, if C = 2?i.a,,Y this isomorphism is 
compatible with the product structure. If X is not regular, there is a 
biadditive pairing 

A'('%', A,a,x) ® CH4A',A,a,x) CH,(A',2?i,a,x)Q, 

and a similar pairing with the groups CH, (A", 2?cur,x), which is denoted 
in both cases by a (g) x i-> ch(a) n x. For the properties of this product 
see [23 pg. 496. 

(viii) If y and X are arithmetic varieties and f '■ y ^ A" is a morphism of 
arithmetic varieties, / induces a morphism of rings: 

/*: A'(A',2?i,a,A-) ^ A-(3^,I?i,a,y). 

When / is flat, the inverse image is also defined for the groups 
K'{X,'D\^a,x)- Moreover, if /c is smooth, the inverse image can be de- 
fined for the groups K{X, I?cur,A) and, when in addition / is flat, for the 
groups K'{X,T>cui,x)- 

In what follows we will be interested in direct images for closed immersions. 
Since the direct images in arithmetic if-theory will depend on the choice of a 
metric, we have the following 

Definition 10.6. A metrized arithmetic variety is a pair {X, hx) consisting of 
an arithmetic variety X and a hermitian metric on the complex tangent bundle 
Tx that is invariant under i<"oo- 

Let {X,hx) and (3^, ft.y) be metrized arithmetic varieties and let i: ^ — > X 
be a closed immersion. Over the complex numbers, we are in the situation of 
notation 18.361 In particular we have a canonical exact sequence of hermitian 
vector bundles 

Cjv : ^ Ty ^ i*Tx Ny/x (10.7) 
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where the tangent bundles Ty, Tx arc endowed with the hermitian metrics hy ^ 
hx respectively and the normal bundle Ny/x is endowed with an arbitrary 
hermitian metric Hm- We will follow the conventions of notation 18.361 
We next define push-forward maps, via a closed immersion, for the elements 
of the arithmetic if-group of a metrized arithmetic variety. We will define two 
kinds of push-forward maps. One will depend only on a metric on the complex 
normal bundle Ny/x- By contrast, the second will depend on the choice of 
metrics on the complex tangent bundles Tx and Ty. The second definition 

allows us to see K'{ , I?cur,y ) as a functor from the category whose objects are 

metrized arithmetic varieties and whose morphisms are closed immersions to 
the category of abelian groups. 

As we deal with hermitian vector bundles and metrized coherent sheaves, both 
definitions will involve the choice of a theory of singular Bott-Chern classes. In 
order for the push forward to be well defined in /C-theory we need a minimal 
additivity property for the singular Bott-Chern classes. 

Definition 10.8. A theory of singular Bott-Chern classes T is called additive 
if for any closed embedding of complex manifolds i: Y ^ X and any hermi- 
tian embedded vector bundles = {i, N, Fi, Ei^^), ^2 = {i, N, F2, the 
equation 

T(?i©e2) = n?i)+nc2) 

is satisfied. 

Let C be a characteristic class for pairs of vector bundles. We say that it is 
additive (in the first variable) if 

C{Fi (BF2,N)^ C{Fi,N) + C{F2,N) 

for any vector bundles Fi, F2, N on a complex manifold X. 

The following statement follows directly from equation 17.51 

Proposition 10.9. A theory of singular Bott-Chern classes T is additive if 
and only if the corresponding characteristic class Ct is additive in the first 
variable. 

Note that a theory of singular Bott-Chern classes consists in joining theories 
of singular Bott-Chern classes in arbitrary rank and codimension (definition 
16. 9p . The property of being additive gives a compatibility condition for these 
theories, by respect to the hermitian vector bundles F (with the notation used 
in definition 16. 9|) . Note also that if a theory of singular Bott-Chern classes is 
compatible with the projection formula then it is additive. 

Definition 10.10. Let T be an additive theory of singular Bott-Chern classes, 
and let Tc be the associated covariant class as in definition 18.371 Let 
i: [y , hy) — > {X , hx) be a closed immersion of metrized arithmetic varieties 
and let TV = Ny/x = {Ny/x,hN) be a choice of a hermitian metric on the 
complex normal bundle. The push-forward maps 
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are defined by 

+ [(0,^,(^7Td(r)^Td-l(X)))] (10.11) 

= W*:f,e, ^ {i*T)c)M - [(o,r©)] 

+ [(0,*,(77Td-i(lVy/x)))]. (10.12) 

Here 

-> :b„ -> . . . ^ :Ei ^ ^ {uF)c 

is a finite resolution of tlie coherent slieaf (i* J-")c by hcrmitian vector bundles, 
^ = {i, N x/Y , ^C, Ei,) is the induced hcrmitian embedded vector bundle on X, 
and ~ {i,Tx,TY,J-c,E^,) as in definition 18.371 
We can extend this definition to push-forward maps 

by the rule 

= [((**-F,Tot(E,,,) ^ (u^)c),o)] -5](-i)'[(o,r,(e,,J)] 

+ [(0,z,(77Td(y)z*Td-i(X)))], (10.13) 
i^i^.v) = [((**-F,Tot(E,,,) ^ (**-F)c),0)] -5](-i)'[(o,r(?j)] 

i 

+ [(0,i.(77Td-i(7Vy/x)))], (10.14) 

where — i?„ -> • • • ^ i?o — >■ -?c — >■ is a resolution of Jx by hcrmitian vector 
bundles, i?*,* is a complex of complexes of vector bundles over X, such that, 
for each i > 0, i^Ei is also a resolution by hcrmitian vector bundles and 

£,i = (i, N x/Yi E'i, Ei^^) is the induced hcrmitian embedded vector bundle and 
^^ (, is as in definition 18.371 We suppose that there is a commutative diagram 
of resolutions 



i*Ek 



+1 



i*Ek-i 



hence a resolution Tot(£',^,) — !► (i»J^)c by hcrmitian vector bundles. 

Note that, whenever the push- forward appears, we will assume that we have 



chosen a metric on Ny/x- 

The two push-forward maps are related by the equation 



(10.15) 



where S,]^ is the exact sequence ()10.7p . 
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Proposition 10.16. The push-forward maps , i^" are well defined. That is, 
they do not depend on the choice of a representative of a class in K , nor on the 
choice of metrics on the coherent sheaf (i*J^)c. The first one does not depend 
on the choice of metrics on Tx nor on Ty, whereas the second one does not 
depend on the choice of a metric on the normal bundle Ny/x- Moreover, if i is 
a regular closed immersion or X is a regular arithmetic variety, then i"^" and 
can be lifted to maps 

Proof. The fact that ij" only depends on the metric on TV and not on the 
metrics on Tx and Ty and that for 1^"= is the opposite, foUows directly from 
the definition in the first case and from proposition 18.391 in the second. 
We will only prove the other statements for i^"" , as the other case is analogous. 
Wc first prove the independence from the metric chosen on the coherent sheaf 
(i*J^)c- If £■* ^ {i*F)c, — > {i*T)c are two such metrics, inducing the 
hermitian embedded vector bundles ^ respectively ^ , then, using corollarv l6.14l 

Tcit) - TciU = nt) - no = ch(e), 
where e is the exact complex of hermitian embedded vector bundles 

where sits in degree zero. 
Therefore, by equation 110.41 

[{{i.T,E, ^ (»*-F)c),0)] - [(0,7,©)] 

= m.:FX ^ (u-F)c),0)] - [(0,T,(C'J)]. 

Since the last term of eauation llO.lll docs not depend on the metric on (i*J^)c, 
we obtain that ij" does not depend on this metric. 

For proving that the push-forward map ij" is well defined it remains to show 
the independence from the choice of a representative of a class in K{y, 2?cur,y). 
We consider an exact sequence of hermitian vector bundles on y 

e: — >Ti — >T — >T2 — ^ 

and two classes in, 112 £ ®j,>o '^cu7^{^tP)- We also denote e the induced exact 
sequence of hermitian vector bundles on Y . We have to prove 

^^^{[{y,Vl+V2+ch{m=^J'{m,Vl)])+^^^{[(^,V2)]). (10.17) 
Since it is clear that i^" (0, 771 + 772) = i'^" (0, r]i) + i^" (0, 772), we are led to prove 
*ri[(J,ch(e)]) =7r^([(JT,0)])+zr=([(J2,0)]). (10.18) 
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Wc choose metrics on the coherent sheaves (i*J^i)ci (**-7^2)c and (i*J^)c re- 
spectively: 

We denote ^ the induced hermitian embedded vector bundles. We obtain 

an exact sequence of metrized coherent sheaves on X: 

V: — >■ z*J^i — > i^T — > 1*^2 — > 0. 

Then, using the fact that the theory T is additive and equation ()8.42p we have 

rc(?i^J+Te(?2j-r,(?J = [ch(77)] -^4[ch(e).Td(y)]).Td-l(X). (10.19) 

Moreover, by the relation (|10.4p . 

[(iZ?T, 0)] + [{1:^2, 0)] = ch(F))]. (10.20) 

Hence, we compute, 

*r=([(7,ch(e)]) - i'^^-imM) - i^.^im.m 

= [(^.:F,0)]-[(^,JT,0)]-[(^,J2,0)] 

- [(o,rc(?c))] + mUKc))] + [(o,T,(e^))] 

+ [(0,*.([ch(£)] . Td(y) . I* TA-\X)))] 
= -[(0,*.([ch(£)] . Td(r) . I* Td-\X))))] 

+ [(0, u([ch(e)] • Td(y) • i* TA-\X))))] 
= 0. 

The proof that i^" for metrized coherent sheaves is well defined is similar. The 
proof of its independence from choice of a metric on Ny/x or from the choice 
of the resolutions and metrics in X is the same as before. Now let 

— >T' — >T — >T" — ^ 

be a short exact sequence of metrized coherent sheaves on y. This means that 
we have resolutions — )■ T^, E^, — >■ Jx and E^ — )■ J^^. Using theorem 12.241 
we can suppose that there is a commutative diagram of resolutions 



- 


^ X 


-> Etf 




^ 




i 


i 


i 




- 


^ K - 






^ 0, 



with exact rows. Moreover, we can assume that the complexes of complexes 
^, i?*.*, E^ ^ used in definition 110.101 are chosen compatible with diagram 
(|10.2ip . Thus we obtain a commutative diagram 

^ TotX* Tot;E*, ^ TotE"^ ^ 

i ' i ' ; ' (10.22) 
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We denote by v the exact sequence of metrized coherent sheaves on X defined 
by diagram (|10.22p . We denote Xi the exact sequence of hcrmitian vector 
bundles on Y 

X,: ^e'; ^ 0, 

and by e the exact sequence of metrized coherent sheaves on X 

Si'. — > i,:E'i — > i^Ei — > i^e'- — > 0. 

Moreover, let ^j, and denote the hermitian embedded vector bundles 
defined by the above resolutions and Ei, E^ and E^ respectively and let ^, 

J, and ^ be as in definition 18.371 Then, using proposition 12 . 38] and equation 
(|02|) we obtain 

Ch(l7)=^(-irch(£) 

i 

i 

+ Y,{-^y^4cH%) . Td(F)) . Td-'iX) 

i 

Now the proof follows as before, but using equation (|10.23p instead of equation 
(fT0l9l) . 

If A" is a regular arithmetic variety, the lifting property follows from the iso- 
morphism between the i^-groups and the ii''-groups. 

Suppose now that i : y — > A" is a regular closed immersion and let [T, 77] G 
K{y,'Dcui\Y)- Then it follows from [5] III that the coherent sheaf i^J^ can be 
resolved 

— > £n — > ■ ■ ■ — > £0 — > i*^ — > 

with £i locally free sheaves on X. Moreover we endow the vector bundles 
Ei induced on X with hermitian metrics and so we obtain a metric on the 
coherent sheaf i^,!^ and the corresponding hermitian embedded vector bundle 
^. Using the independence from the resolutions and on the metrics we see that 
the eg uat ion 110.111 defines an element in K{X ^Vcur.x)- CH 

Proposition 10.24. For any element a £ K'{y ,1) cur, y) we have 

w(C'=(a)) Td{X) = u{uj{a) Td(Y)) (10.25) 
Loir^ia)) = i4io{a) Td~\NY/x)) (10.26) 

Proof. We will prove the statement only for i^'=. We consider first a class 
of the form [T, 0] . Using equation (|8.38p we obtain, after choosing a metric 
Ei — > (i, J^)c, and considering the induced hermitian embedded vector bundle 
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oj{^^{[y,o]))Td{x) = (^(-i)*ch(;B-) -di,Te(e:)) Td(x) 

= i,{cli(F) • Td(r) • i* Td-\X)i*(Td{X))) 
= i4cli(F) . Td(r)) 

= z4c.([J,o])Td(y)) 

Taking now a class of the form [0, 77] we obtain: 

w(C^([0,r?])) TdiX) ^ dv (z,(r?Td(y)r Td~\X))) Td{X) 
= udviv^d{Y)) 
= *,(w([0,77])Td(r)) 

and hence the equahtv 110.251 is proved. □ 

The next proposition explains the terminology "compatible with the projection 
formula" and "transitive" that we used for theories of singular Bott-Chern 
classes. The second statement is the main reason to introduce the push-forward 
^*■ 

Proposition 10.27. If the theory of singular Bott-Chern classes is compatible 
with the projection formula, we have that, for a G K'{y,'Dcur,Y) cind (3 G 
K[X,'D\^i^ x) the following equalities hold 

i^im*/3) = i^ia)(3. 

If moreover the theory of singular Bott-Chern classes is transitive and 
j: {Z,hz) — > {y,hY) is another closed immersion of metrized arithmetic 
varieties, then 

° j), = K °3* ■ 

Proof. We prove first the projection formula. For simplicity we will treat the 
case when a G K{y ^Vcm.y)- Let a = let = (i, Tx, Ty, J"c, i^*) be a 

hermitian embedded vector bundle and let /3 — {£,x)- Using equations ()10.1ip 
and (jlO.Sp . we obtain 

i^'{m*l3) - il^{a)P = - Y.^-lY c\i{Ei) . x + MTc{U) • X 

i 

+ i^chnyk) • Td(r))) . Td-\x) . X 

+ T,(^J.ch(fc)-T,(C,®£c) 

= T,(e,®fc)-rc(ec)-ch(^c). 

Therefore, if T is compatible with the projection formula, then the projection 
formula holds. 

The fact that, if moreover T is transitive then (i o ^ i'^'= o j'^" follows 
directly from the definition and equation (|8.4ip . □ 
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If i : 3^ — > X is a regular closed immersion between arithmetic varieties, then 
the normal cone Afy /;f is a locally free sheaf. The choice of a hermitian metric 
on Ny/x determines a hermitian vector bmrdle THy/x- If ^'^ow i: (3^, /ly) — > 
{X,hx) is a closed immersion between regular metrized arithmetic varieties, 
then the tangent bundles Ty and Tx are virtual vector bundles. Since over C 
they define vector bundles, we can provide them with hermitian metrics and 
denote the hermitian virtual vector bundles by Tx and Ty. There are well 
defined clases fd(3^) = fd{Ty) and Td{X) ^ fd{Tx)- 

The arithmetic Grothendieck-Riemann-Roch theorem for closed immersions 
compares the direct images in the arithmetic iC-groups with the direct images 
in the arithmetic Chow groups. 

Theorem 10.28 ([6], [32]). Let T be a theory of singular Bott-Chern classes 
and let St be the additive genus of corollary \9.43\ 

(i) Let i: y — > X be a regular closed immersion between arithmetic vari- 
eties. Assume that we have chosen a hermitian metric on the complex 
bundle Ny/x- Then, for any a = {T.rj) g if(3^, I'cur.y) the equation 

cH^ia)) = i,{chi(^)fd'\Wy/x)) - a.ii4ch{Tc)Td-\Ny^x)STiN)) 

(10.29) 

holds. 

(ii) Let i: {y,hy) — > {X,hx) be a closed immersion between regular 
metrized arithmetic varieties. Then, for any a = {J^,r]) € K{y,'DcuT:,Y) 
the equation 

ch(i^^(a))fd(Af) = i,idi{a)fd{y)) - a(i,(ch(J-c)Td(y)5T(iV))) 

(10.30) 

holds. 

Proof. The proof follows the classical pattern of the deformation to the normal 
cone as in [6] and [32]. 

Let W be the deformation to the normal cone to y in X. We will follow the 
notation of section [5j Since i is a regular closed immersion, there is a finite 
resolution by locally free sheaves 

—?' £n ^ ■ ■ ■ ^ £i ^ £q ^ i*T 0. 

We choose hermitian metrics on the complex bundles Ei = (£i)c- The im- 
mersion j : 3^ X — > W is also a regular immersion. The construction of 
theorem l5.4l is valid over the arithmetic ring A. Therefore we have a resolution 
by hermitian vector bundles 

^„ ^ ^1 ^ ^0 ^ i*T 0. 
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such that its restriction to X x {0} is isometric to Its restriction to X is 
orthogonaUy spht, and its restriction to V = ^{J^y/x ffi Oy) fits in a short 
exact sequence 

^ A ^ K{yMy,x) 0, 

where A* is orthogonally split and K{FJ^y/x) is the Koszul resolution. We 
denote by 77^. the piece of degree k of this exact sequence. Let t be the absolute 
coordinate of . It defines a rational function in W and 

di^(t) = (A-o + P + i^, (0, - i log tt)) 

The key point of the proof of the theorem is that, in the group CH {X, I?cur,Js:)i 
wc have 

(pw)*(cM^*)di^W) = 0. 
Using the definition of the product in the arithmetic Chow rings we obtain 

(pvv)*(ch(f*)div(i)) = c'h(£:,) - {p^)^ck{£^\^) - (p.p),ch(£,|-p) 

+ a((pvy)*(ch((^*)c)» W^i)). (10.31) 

But we have 

ch(£,) = ch(inj)) + a(r(C)), (10.32) 

(p^)*ch(5H.|^) =0, (10.33) 

(p^),ch(£,|p) = i,{^T.U^h{K{yMy/x)) - a(ch(^fe))). (10.34) 

fc 

Moreover, by equation (|7.3p . 

a((pw)*(ch((^*)c) • W^i)) = -a(T(0) - ^(-1)^= a(ch(77,))) 

+ a(i,CT(J"c,AAc)). (10.35) 

Thus we are led to compute i»(7r-p),ch(iir(J', A/'j;/^^)). This is done in the 
following two lemmas. 

Lemma 10.36. Let y be an arithmetic variety, J\f a rank r hermitian vector 
bundle over y and denote V = ¥^{Af (9 Oy), and Q the tautological quotient 
bundle. Let y^ he the cycle defined by the zero section ofV. Then 

CriQ) = {yo, (c,.(Qc),e(7'c, Qc,s))), (10.37) 
where e(Vc, Qci s) is the Euler-Green current of lemma \U^\ 
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Proof. Wc know that Cr{Q) = (3^o, (cr(Sc),e)) for certain Green current e. By 
definition this Green current satisfies 

Moreover, since the restriction of Qc to Dqo has a global section of constant 
norm we have that e\o^ = 0. Therefore, by lemma 

e = eiVc, Qc,s). 

□ 

Lemma 10.38. The following equality hold: 

ch(J)Tp^(Ar) + a(CT(^,Ar) - ch(J-c) Td-\NY/x)STiN)). (10.39) 
Proof. We just compute, using lemma [l0.36[ 

fe 

{nv)SHK{T,W),) = (7rp),^(-l)''^ch(/\Q'')ch(7r^J) 

fe 

= (7rp),(?,(Q)Td^(Q))ch(J) 
= Td-\W)ch{y) + a((7rp),(eTd-i(Q)) ch(F)) 
= Td^(Ar)ch(7) + &iinpUT\K(F,N))) ch(F)) 
= Td"^(Ar)ch(7) + a(CT'> (F, iV)) 

= Tp^(Ar)ch(J) + Ct{F,N) - a.{Td-\N) ch{F)ST(N)). 

□ 

The equation (|10.29p follows by combining equations (jl0.3ip . (|10.32p . (|10.33p . 
(UnjH), ((T035|) and (IT039t . 

The equation (|10.30p follows from equation p0.29p by a straightforward com- 
putation. □ 

Since T is homogeneous if and only if St — 0, in view of this result, the the- 
ory of homogeneous singular Bott-Chern classes is characterized for being the 
unique theory of singular Bott-Chern classes that provides an exact arithmetic 
Grothendieck-Riemann-Roch theorem for closed immersions. By contrast, if 
one uses a theory of singular Bott-Chern classes that is not homogeneous, 
there is an analogy between the genus St and the i?-genus that appears in the 
arithmetic Grothendieck-Riemann-Roch theorem for submersions. 
Since there is a unique theory of homogeneous singular Bott-Chern classes, the 
following definition is natural. 
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Definition 10.40. Let i: (3^, /ly) — > {X,hx) be a closed immersion of 
metrizcd arithmetic varieties, the push-forward map 

is defined as = i^" . 

Corollary 10.41. The push-forward map makes K'{ , 2?cur,F) o,nd 

K[ , I?cur,y) functors from the category of regular metrized arithmetic varieties 

and closed immersions to the category of ahelian groups. 

Corollary 10.42. Let i : (3^, hy) — (A", hx) he a closed immersion of regular 
metrized arithmetic varieties, then 

ch{i1{a))fd{X) = i4ch(a)fd(3^)). (10.43) 

Remark 10.44. Combining theorem 110.281 with [T6j we can obtain an arith- 
metic Grothendieck-Riemann-Roch theorem for projective morphisms of regu- 
lar arithmetic varieties. 

In a forthcoming paper we will show that the higher torsion forms used to define 
the direct images for submersions can also be characterized axiomatically. 
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